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ABSTRACT OF THE DISSERTATIONStatistical theories of fragmentation and nucleardisassemblyby Kevin Charles ChaseDissertation Director: Professor Aram Z. MekjianA general statistical study of fragmentation and aggregation processes is presented andapplied to the fragmentation and thermodynamics of heated nuclear matter. Emphasisis placed on distinguishing combinatorial aspects from the statistical and thermody-namic ones. Combinatorial objects pertinent to fragmentation include integer, vectorand set partitions as well as permutations. Algorithms for enumerating and randomlyselecting these objects, important for statistical models invoking these objects, are pre-sented. Statistical concepts introduced include approximate methods such as MonteCarlo sampling and Markov processes, and exact methods such as recursion relationsand generating function identities. Statistical models introduced and solved exactlyinclude the equipartition weight and the Gibbs weight. The canonical Gibbs modelis studied extensively, and is shown to be related to symmetric functions and P�olya-de Bruijn enumeration theory. These exactly solvable models have been applied toBose-Einstein condensation, the � transition in liquid 4He, polymer gelation, Ewens'sampling formula in population genetics, group social dynamics, statistical shattering,and the enumeration of involutions, graphs and digraphs, indicating their 
exibility andpower. The application of these models to nuclear fragmentation results in a compu-tationally simpli�ed model which contains most of the essential physics. This modelii



is shown to maintain its structure under coarse graining with suitable conditions onits parameters. The thermodynamics of nuclei allowed to fragment is studied in thiscontext, and predictions are compared with experimental data. A critical comparisonof this model to the competing percolation model indicates certain advantages to thisapproach.
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PrefaceThis dissertation reports on the research which I and my thesis advisor, Dr. AramMekjian, have been engaged in for the past three years. As such some of the mate-rial has appeared in journal articles before [59, 58, 60, 61], or has been submitted forpublication. The dissertation however substantially expands on this previous work andincludes material which has not appeared in print before. In particular some of thenovel mathematical results and applications have only appeared here. Additionally thepresentation and notation used in this dissertation di�ers somewhat from the journalarticles, principally in an e�ort to improve the clarity of the presentation and to adoptnotation in common use in the mathematical literature. Hopefully the reader will wel-come both the adoption of a standard notation and the expanded presentation of theresults.Although by nature dissertations involve a fair amount of original research, it issafe to say that all such work builds on the work of others. In the process of research,I found myself drawn to a variety of historical models, ideas, and methods from awide range of papers in mathematics, physics and biology. Not surprisingly, problems Ineeded to solve had occurred to others before, and in fact, this research was expeditedby recognizing that certain mathematical theories of the nineteenth century could beadopted to the physics of fragmentation today. Recalling Gian-Carlo Rota's remark\The history of mathematics, like all history generally, is replete with injustice"1 I feltthe original ideas had languished too long in obscurity and that this \injustice" neededto be addressed. Rescuing some of these ideas, although not my original aim, now seemsall the more important in view of my success in applying them to problems of interest inphysics. As a result, throughout this dissertation there are a number of short historical1Stated in the introduction to volume one of Percy A. MacMahon's collected papersiv



interludes, where occasion is taken to mention and credit substantial early work. Thisis not by any means a de�nitive history of the subject of these models, but rather ane�ort to point out the papers which seem to have the most historical signi�cance to the�eld. An attempt has been made to be somewhat comprehensive, although omissionsare unfortunately all too likely. I accept all blame in these instances, but propose thateven an incomplete history is better than no history at all.
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1Chapter 1IntroductionIn the last twenty years, a large number of experimental and theoretical studies ofnuclear matter have been conducted, all essentially motivated by the same question:How does nuclear matter behave well away from typical density and temperature?This question is of crucial importance to nuclear physicists, who want to extend theirsuccessful description of nuclear matter under ordinary conditions (the nuclear shellmodel), as well as to astrophysicists, who are interested in the high-density propertiesof matter as found in collapsing stars and other stellar objects. The hadronic equation ofstate (EOS) encapsulates this information and is therefore the focus of intense research.What assumptions does the nuclear shell model make about nuclear matter? Es-sentially it treats the ground state of the nucleus as a degenerate Fermi liquid at zerotemperature. So we expect that at low temperatures the thermal properties are that ofa nearly degenerate homogeneous Fermi liquid. However, as the temperature or densityis increased, excitations can fragment nuclei into distinct smaller pieces. At �rst, singlenucleons will be ejected from the central nucleus, but as the average internal energyincreases, the fragmentation pattern can become fairly complicated. Eventually, frag-mentation dominates the physics and the system again becomes a homogeneous (thoughdilute) gas of individual nucleons. It is the intermediate region in which the nuclei arefar from homogeneous that attracts our attention. In this region the fragmentation ef-fects can have a substantial impact on the hadronic EOS, the most important of whichwould be the introduction of a hadronic matter phase transition. Such a phase tran-sition would appear as a sharp demarcation between the liquid-like low-temperaturephase and the gas-like high-temperature phase. So it is clear that any understanding ofheated nuclear matter (i.e. the hadronic EOS) over a large range of temperatures and



2densities depends on the resulting fragmentation patterns.As a result, experimentalists have concentrated on elucidating the properties offragmenting nuclei in collisions. Large nuclei such as gold or uranium are collidedwith light energetic protons or heavier ions from accelerators, and the charge, massand other characteristic variables (momentum, spin) of the outgoing fragments aremeasured. From this information, the hadronic EOS can be constructed, as conditionsin the hot core are inferred from the distribution of sizes and momenta of the �nalfragments.One goal of theoretical nuclear physics is thus clearly indicated. A model needsto be developed which agrees substantially with the experimental results. The model'sparameters must depend on the thermodynamic variables in such a way as to determinea hadronic EOS compatible with the well understood high- and low- temperature limits.At intermediate temperatures, a phase transition is expected to occur, although �nite-size e�ects may obscure clear signals of such a transition.A number of theories have been developed toward this goal. Currently the best ofthese theories of nuclear fragmentation and hadronic matter are statistical. Here weattempt to construct such a statistical theory valid in the physically interesting region.To do this, we distinguish the various problems that need to be solved:� Combinatorial. How are the outcomes of fragmentation events described?� Statistical. What probability should outcomes be assigned?� Thermodynamic. What hadronic EOS do nuclei satisfy?At �rst this separation of the problem may seem overly pedantic. The �rst issue can bedispatched in a paragraph if one so chooses. The second almost as quickly, leaving onlythe thermodynamic problem to be tackled. The separation serves a two-fold purposehowever. For one, the deliberate separation allows us to examine approaches to theproblems in their most general setting. Describing the fragmentation events in this phi-losophy becomes an exercise in the mathematical theory of partitions. In this context,there are several approaches to the problems faced, and each approach has something



3di�erent to o�er. For example, permutations are sometimesmore useful than partitionsin describing the fragmenting states. For the other, such a separation helps distinguishe�ects which are simply due to combinatorial or statistical e�ects, and are independentof the thermodynamics. This is important, since researchers have sometimes mistakena combinatorial e�ect for a thermodynamic signal.1It is our goal to make the model both as simple and accurate as possible. Elsewherein physics such a goal may be motivated by the notion that the simplest theory is moreoften the correct one, but in hadronic matter where the competition between di�erentforces is intense, overly simpli�ed models might be expected to fare poorly in explainingsome phenomena. For this reason, as more and more computer power has becomeavailable, many statistical models of nuclei have become increasingly complicated andcomputationally intensive. Although the accuracy of the models has often improvedwith the sophistication, our understanding of the physics has become correspondinglyclouded. Isolating e�ects in such models can become extremely di�cult. For this reason,simpli�ed models can be attractive, since it is easier to isolate the e�ects of their variousparameters. However, the predictions of such a model sometimes are more qualitativethan quantitative.One such simpli�ed model in nuclear physics, the percolation model, has enjoyedgreat success for just this reason. In fact it is claimed that \existing models basedon nuclear physics do not describe multifragmentation data as well as [this] simplepercolation-based model."2 Its fragmentation pattern depends only on a single param-eter, and can be calculated relatively quickly. The models presented in this work di�ersubstantially from the percolation model, but agree in many predictions; for example,both models predict a hadronic matter phase transition characterized by similar criticalexponents. In fact, each model presented here can be computed for a typical nuclear1For example, log-log correlations between di�erent moments calculated from the distribution of frag-ments was originally promoted [46] as an indication of a phase transition in nuclear matter. Later [264]it was discovered such correlations are a result of the conservation of mass sum-rule. Intermittencye�ects, also promoted as a indication of a phase transition [239, 240], similarly may only be due to a�nite-size e�ect [52].2 [120], page 1590.



4system in a few minutes at most on a computer workstation. This has been accom-plished by restricting attention to models of nuclei with an inherent exact solution.Even percolation models are not amenable to exact solution, and so this method hassome built-in advantages which when exploited create a compelling argument in favorof these models.1.1 Fragmentation and aggregation theoriesFragmentation is the process of an object breaking up into smaller pieces. Aggregationor clustering is the inverse process in which objects combine to form larger parts. Thefundamental law of statistical clustering theories is the simple statement that whenthese processes compete, an equilibrium emerges with a characteristic distribution ofobject sizes, and \the entire subject is either the slide-down from this summit, as theprinciple is applied to various cases, or the climb-up to where the fundamental lawis derived."3 As to be expected, more time will be spent sliding down than climbingup, but the principle by which we will proceed at all points is clearly stated in thefundamental law.A few examples serve to indicate the wide range of phenomena which are principallydescribed statically by clusters and dynamically by fragmentation or aggregation. Atthe astronomical scale, galaxies often congregate together in massive galactic clusters.Galaxies themselves are collections of billions of stars. Within a stellar system, mattercollects together to form varying numbers of planets of di�ering sizes. Planets undergravitational stresses may fragment into large numbers of asteroids. On the atomiclevel, atoms group together chemically by bonds, forming molecules from the simple(e.g. H2) to the complicated (e.g. long organic polymers, DNA). At the nuclear scale,clustering is manifest at typical energies seen in nature. Stable nuclei are collectionsof protons and neutrons clustered together by strong-force interactions. They willfragment into smaller nuclei due to internal perturbations or when collided with a high-energy proton or heavy ion in a particle accelerator. At the quark level, clustering is3 [102], page 1. Feynman was referring to the key principle of statistical mechanics, but the statementapplies equally well here.



5further evident, whereby quarks group in threes to forms baryons, and in twos (quark,anti-quark) to form mesons. It may turn out that quarks themselves have substructure,which if history is any guide, will be composed of clusters of still more fundamentalunits. So clusters can be seen at many length scales in physics.Although in these examples there is often more happening than can be described bythe degree of clustering, one can often make progress in understanding phenomena byanalyzing models in which only the sizes of the clusters in their �nal con�gurations isconsidered. There is more information about the �nal state one maywish to understand,but by concentrating on the clustering degrees of freedom we hope to explain some ofthe essential features. Approaching the problem in this way, all questions about thesystem are reduced to the computation of expectation values of the cluster size variables.The advantage of this statistical approach is that a number of nontrivial models of thistype are exactly solvable. The obvious disadvantage is a great deal of useful physicalinformation is lost in the process.It should be noted however that such dynamical-averaging approaches are applicableonly to certain situations in physics. In many phenomena it is su�cient to ignorethe mechanisms of clustering and fragmentation altogether, as the time scale of otherphysical processes is much shorter than the time scale of clustering and fragmentation.For example, it is reasonable to ignore the possibility of nuclear �ssion in modeling thephenomenon of nuclear magnetic resonance. Fortunately, sometimes it is the case thatclustering and fragmentation are the dominant physics. The stability of nuclei is wellknown, but in energetic collisions a nucleus can be forced far from stability where itfragments into smaller nuclei.This dissertation considers phenomena in which fragmentation and/or aggregationare the dominant physics. It analyzes a class of models appropriate to describing suchphenomena, and separates the combinatorial principles from the physical ones. In par-ticular, the models are de�ned in terms of the equilibrium distribution of clusters, andare therefore insensitive to the dynamical process which yields the particular clusteringpattern. This pattern may be due to a fragmentation process, an aggregation process or(more typically) a competition between two such processes. The details of the process



6specify the equilibrium distribution of course, but the distribution itself may be theresult of many possible dynamic processes.4 The clustering pattern being the object ofthis study, it is reasonable to concentrate solely on this distribution.The principle phenomenon of interest in this dissertation is that of nuclear fragmen-tation, but the emphasis on nuclear fragmentation should not be construed to indicatea bias in the method toward this application. Indeed many of the ideas in this papercan be traced back to models proposed in polymer physics, where aggregation is thedominant phenomenon. Moreover, the reader may instead detect a bias against nuclearfragmentation, as it is presented after and makes extensive reference to the other phe-nomena. This was a choice made by the author, principally because the complicationsinherent in nuclear fragmentation distract from the inherent simplicity of the canoni-cal Gibbs ensemble approach used. Other phenomena are better introductions to thesubject, and the reader is well served by �rst considering such examples.1.2 Research retrospectiveUnfortunately, what is little recognized is that the mostworthwhile scienti�c books are those in which the authorclearly indicates what he does not know; for an author mosthurts readers by concealing di�culties.Evariste Galois [173]A detailed discussion of all the problems overcome in the process of researchingand writing this dissertation, although personally satisfying, would overwhelm andeventually disengage the reader. However, like all research projects, there were timeswhen problems were solved and issues which had been hazy suddenly became clear. Apersonal re
ection on the early stages of this research project when such moments wereboth frequent and satisfying I hope will interest the reader and perhaps explain how4For example, take n indistinguishable objects and select 1 � k � n uniformly at random of them toform a cluster. Repeat the process with the remaining objects until no objects are left. The distributionof clusters from this process (if repeated a large number of times) is speci�ed by the Gibbs weight withxk = x=k (section 3.2.1). This distribution can also be achieved by following a Markov binary processwhich allows the clusters to dynamically combine and split (section 4.2.1) at a certain rate. Dynamicallythese two processes are quite distinct, but there equilibrium distributions are identical.



7much of the material I have chosen to include in this dissertation found its way here.For example, the section on Monte Carlo methods is included so as not to downplayearly simulation e�orts which were eventually replaced by exact solutions. Additionally,this serves as a chronological guide to the dissertation.My research on fragmentation began (in 1992) with an attempt to reproduce Pro-fessor Mekjian's exact results [215] for a Gibbs model using a Monte Carlo simulation(section 3.1.2). Although the exact results were known, the idea was to apply the sim-ulation later to systems for which no exact results were known. In spite of having someexperience with modeling the Ising model in two dimensions this way, I could not at�rst reproduce the results. After several days of frustration, I realized that my methoddid not satisfy the detailed balance condition since it violated the symmetry conditiondiscussed in section 3.1.2. The natural resolution of this problem was to modify thetransition rates, thus introducing Markov processes (section 4.2.1), but this methodwas at that time unknown to me.5 Instead I decided to change the objects I was mod-eling from integer partitions to permutations and project the permutations onto integerpartitions using a cycle decomposition, since it seemed easier to satisfy the symmetrycondition on permutations than on partitions. This was feasible because Cauchy's for-mula determined which weight to choose on permutations to get the correct weight forinteger partitions (section 2.1.2). With this correction my simulation gave the correctresults.At this point I became interested in the exact solution, since an exact answer isalmost always preferable to a Monte Carlo sampled one. It was easy to generalizethe recurrence relations to general parameter vectors, and within a short time I wasmodeling the physics of systems driven by xk = x=k� , discovering that � � 2 reproducedwell some early emulsion data [305] of a fragmenting nuclear system (cf. section 6.2.1),better than the previously considered � = 1.One thing bothered me about this agreement, however. The emulsion data measuredthe charge distribution of fragments, whereas the nuclei actually redistribute both their5It would have been surprising if I would have been able to rediscover it independently at that earlydate.



8neutrons and protons among the clusters. If the model was a correct description, itmust be the result of a projection of these two-component states (neutrons and protons)onto one-component states (protons only). The model should be a Gibbs model oftwo kinds of indistinguishable particles, but it seemed to reduce to a Gibbs model ofindistinguishable particles under projection. At �rst I thought this unlikely, and sinceI hadn't yet realized the exact solutions were generalizable to models with two types ofdistinguishable particles, I decided to run a Monte Carlo simulation.Since I had a working simulation on permutations, it was obvious to modify theexisting simulation to project states onto partitions of (Z;N) by a simple cycle de-composition of the permutations, but labeling the �rst Z numbers as protons and therest as neutrons. I ran this simulation using the same permutation weight as before,and discovered that the expected distribution of isotopes (same proton number) whensummed over all possible neutron con�gurations appeared to be equivalent to the one-component expected distribution for Z nucleons with the same permutation weight.This was both a surprising and encouraging result. It suggested that the model wasexactly solvable as before, and that the connection to the permutation group suggesteda way of constructing two-component models which reduce to the one-component mod-els. I realized then I had to do two things. One was to �nd the exact solution of thetwo-component Gibbs partition model. The second was to determine the generalizationto two-components of Cauchy's formula. With these two facts I could understand whythe Monte Carlo simulation invariably reduced to the one-component model.Each problem took quite a bit of time to solve, although in retrospect this needed notto be the case. The principle di�culty was that I was continuing to work on a varietyof issues associated with the one-component models (such as their thermodynamicproperties, see section 6.3), and had little time free to concentrate on the two-componentmodels. The exact solution turned out to be a straightforward extension of the methodused to solve the one-component model. I was able to determine this after studyingcarefully the method used to calculate the recursion relations, a result I had until thattime taken for granted. Detailed study of the proof indicated that recursion relationscould be written for any model in which the partial derivatives of the partition function



9are functions only of previously computed partition functions (section 3.1.1). Thisallowed two-component Gibbs models to be solved recursively, and indicated a numberof other models could also be solved, such as the equipartition model (section 3.2.2).The problem of generalizing the Cauchy formula to two-components took longer tointuit. At �rst computing the case Z = 2, N = 2 by hand revealed no simple patternin the numbers. So I broke the problem into two parts. First, I wrote a computerprogram which generated all the permutations, and then counted mechanically thenumber of permutations which mapped to a particular partition. This generated theCauchy numbers for all Z;N up to Z + N = 10 quite quickly. These results I hopedto use to test any formula I might derive. I then worked on computing special cases bycombinatorial arguments. For the fragmentation state (j; k)(1; 0)Z�j(0; 1)N�k, whichis shorthand for one fragment with j protons, k neutrons and all other protons andneutrons being monomers, I was able to show that the generalized two-componentCauchy formula is given by �Zj ��Nk �(j+k� 1)!. Assuming that the Cauchy formula hada particular structure, this result uniquely determined the general case. Checking thisresult against the program's output veri�ed the structure and the result.With the Cauchy formula generalized and the two-component partition modelssolved exactly, I was able to make signi�cant progress on the description of nuclearfragmentation. Parenthetically, I worked out the generalization of these results to s-component models, which is a trivial extension of the two-component solution. Theprinciple interesting result was a proof that the reduction of the two-component modelto the one-component model for the permutation model was in some sense a happy ac-cident. In fact, most two-component Gibbs models do not reduce to a one-componentGibbs model. I was able to establish a set of su�cient conditions for the reduction tobe successful (section 6.2.2). At a later time I changed the projection from isotopes toisobars, which has similar characteristics.Having started working on the Monte Carlo approach, I was determined to derivesome utility from my extensive simulation e�orts. When I began an investigation ofmodels with identical partition functions but di�erent weight distributions, I thoughtthat Monte Carlo methods would prove to be essential. I focused on models which weigh



10each multiplicity (i.e. the total number of clusters) restricted space of events equally,but events within the spaces unequally. The example I considered was the di�erencebetween the Gibbs weight and the equipartition weights, and with the aid of MonteCarlo, I discovered some distinctions. I was mistaken however in my belief that exactmethods could not be applied to these models. The subspaces were microcanonical,and easily solvable independently, a fact which eventually became apparent. This washardly an isolated incident. Every time I found a quantity to measure which appearedto defy exact solution, a determined e�ort would prove my initial impression wrong.Reduced moments (section 4.3.1) are most noteworthy in this respect, and showed thata percolation analysis of the model can be done exactly by extracting information aboutthe largest fragments in an event from the usual partition functions. The informationalentropy (section 4.1.4) of the models can also be evaluated exactly by a similar de-composition of the partition functions. The fruits of Monte Carlo are included herenonetheless, as to omit them would be a disservice to both the writer and the reader.Looking back, I am amazed by my good fortune. Without the bene�t of symmetricfunction theory (section 2.2.2), I had to rederive a number of results, some of whichrequired mathematical subtlety to establish. That I was able to solve them is indeedfortunate, or my enthusiasm for the program of research may have dimmed. My concernover the question of how to properly take into account the distinguishability of particlesled to generalizing the Gibbs model and Cauchy numbers to vector partitions. Makinglittle progress on the second question, I made the fortuitous choice of haltingmy researchin order to conduct a search of the mathematical literature. While unable to locate ageneralization of the Cauchy numbers, I discovered symmetric function theory, whichprovided a completely di�erent context in which the models appear. Slowly I was ableto �t the problem I was exploring into the larger theory of partitioning and symmetricfunctions, and began to discover the ubiquity of the model in problems in physics,biology and mathematics. With this cross-pollination of ideas from mathematics andphysics, a conceptual framework for the dissertation built around the mathematicaltheory of partitions was suggested.



111.3 Reader's guide to the dissertationThis dissertation sets out �rst to construct a sophisticated mathematicalmachine whosepurpose is to render solvable a wide class of statistical models applicable to the under-standing of clustering and fragmenting systems. The application of these models tocases of interesting physics, especially toward the understanding of nuclear fragmenta-tion as a statistical process, clearly the primary aim of this dissertation, follows thismathematical beginning. The dissertation separates the models into their componentaspects, namely the combinatorial (chapter two), the statistical (chapters three andfour) and the thermodynamic (chapters �ve and six). Depending on one's prejudices,this is a progression from the fundamental issues to the less fundamental issues, or viceversa. My own prejudice is for the former, which perhaps belies the principal aim of thedissertation, but clearly a decision needed to be made with respect to the organizationof this work. As such I decided the importance of distinguishing the principal conceptsoutweighed the need to begin discussing the physics of fragmenting nuclei.The shortcomings of this approach are many, including the possibility of losing thereader early on in the more mathematical sections. The reader having been warned,she or he may wish to skip about to sections which are more interesting. Nevertheless,some sections deserve close scrutiny �rst due to their fundamental importance to thework, and as such sections 2.1.1, 2.1.2 should be read for their introduction to theterminology and notation of clustering and sections 3.1, 3.1.1 for their introduction tostatisticalmodels and exact methods. Later chapters will be much more comprehensibleif this warning is heeded.A broad outline of the chapters should su�ce to orient the reader for the journeyahead. Chapter two introduces the combinatorial objects and algorithms appropriatefor a discussion of fragmenting and clustering systems. It is wholly self-contained, andcould be used as a reference for some of the combinatorial concepts. Chapter threeintroduces the statistical methods required for and the statistical models appropriateto clustering and fragmenting systems. It emphasizes exact methods for solution, but



12includes a detailed account of Monte Carlo techniques and their application to frag-menting systems. It depends on chapter two for notation and algorithms. Chapterfour concentrates on the canonical Gibbs model and its properties, a model of wideapplicability in physics and mathematics. It introduces a variety of mathematical andphysical properties which this model has, and emphasizes their special character. Chap-ter �ve discusses the historical applications of these models to many areas of physics,biology and mathematics. The ideal Bose gas, polymer theory and the � transition arediscussed here in detail, as well as the Ewens' sampling formula, social dynamics, statis-tical shattering, and the enumeration of Young tableaux and loop-free graphs. Chaptersix introduces statistical nuclear fragmentation models. The range of complications in-herent in describing the phenomena is fully discussed, and simpli�ed as well as complexmodels are proposed to model and analyze particular properties of fragmenting nuclei.Experimental evidence and the thermodynamic properties of nuclei are considered, anda comparison is made to their principal simpli�ed competitive model, percolation the-ory. The approach taken emphasizes the method, and chapter seven concludes thethesis with an overview of the results and a discussion of the most important aspectsof this research, as well as some possible future directions of this research.



13Chapter 2Combinatorial objects, theories and algorithms forfragmentationIn essence the subject of this thesis neatly separates into three issues, one mathematical,one statistical and one physical. This chapter introduces and explores the �rst of theseissues, the variety of combinatorial objects and algorithms relevant to the descriptionof fragmentation and their generalizations. The statistical problems are mostly post-poned till the next two chapters, and the physical issue of thermodynamics is discussedin chapters �ve and six in the context of the individual physical examples. In some sensethis is for convenience, since the combinatorial aspects of the problem of fragmentationare of fundamental interest themselves and can be discussed independently of the de-tails of the statistical models or thermodynamic details. Nevertheless the objects andalgorithms discussed here are crucial to the development of the thesis, and the separa-tion of the subject from the discussion of the statistical models should not suggest thatthe study of these issues is of lesser importance. On the contrary, a careful study isrequired to reveal both the inherent di�culties of general fragmentation theories, andthe techniques for circumventing these di�culties in particular models.Section 2.1 introduces the combinatorial objects of interest in aggregation and frag-mentation. These include integer and vector partitions (2.1.1) as well as set parti-tions and permutations (2.1.2). Generating functions and asymptotic formulae for theenumeration of these objects are derived or quoted from the literature. Section 2.2introduces some classical combinatorial theory of interest to fragmentation, a naturalsubject following this discussion of objects. P�olya-de Bruijn enumeration theory (2.2.1)and symmetric function theory (2.2.2) are included because of their utility in solving



14combinatorial enumeration problems de�ned on the above objects, and it is these theo-ries that we will return to for the statistical models in the next chapter. Section 2.3 in-troduces algorithms which enumerate and randomly select these combinatorial objects,two problems of principle importance in general statistical models on these objects.These include algorithms for integer partitions, set partitions and permutations (2.3.1)as well as some novel algorithms for vector partitions (2.3.2).2.1 Combinatorial objectsWe begin by brie
y outlining the combinatorial objects of interest to this research.Fundamentally, we are interested in various ways of partitioning objects under variousdistinguishability conditions. Particles in physics are generally indistinguishable unlessthey have some distinguishing characteristic, such as di�erent masses, charges, or spins.For example, in a system of protons there is no real way of distinguishing particles, butin a system of protons and neutrons there is some amount of distinguishability since wecan distinguish between neutrons and protons (one is charged, one isn't). Dependingon the distinguishability, we shall see that the combinatorial objects which describethe possible fragmentation states are integer partitions and vector partitions (2.1.1),set partitions and permutations (2.1.2). There are many connections between thesedi�erent combinatorial objects, and exploiting these connections allows us to adoptwhichever object is most convenient for a particular calculation.Much of the material in this section can be found in the mathematical literature,although some results for vector partitions appear to be original. Consequently proofsof some identities will be omitted, but the reader can refer to any of a number of goodcombinatorial references to supply the missing proofs. A good reference for partitionsand vector partitions is George E. Andrews excellent book Theory of Partitions [11] andHansraj Gupta's review article [135]. Set partitions and permutations are discussed inmost introductory books on combinatorics. Ioan Tomescu's Introduction to Combina-torics [296], Claude Berge's Principles of Combinatorics [26] and John Riordan's AnIntroduction to Combinatorial Analysis [255] are all good general references.



152.1.1 Integer and vector partitionsSuppose one is interested in the various ways n indistinguishable objects can formclusters of various sizes. For example, in the case of four indistinguishable objects,there are �ve possible clusterings as shown by �gure 2.1. How can we uniquely describeFigure 2.1: Cluster con�gurations for four indistinguishable objects.
any such possible clustering of objects? Clearly if we note how many clusters of agiven size occur in a given con�guration, then we have uniquely described it, as theindistinguishability of the objects determines that only the sizes of the clusters arepertinent. Let �k denotes the number of clusters of size k. The vector � = (�1; �2; : : :)therefore uniquely characterizes a particular con�guration of the n objects into clusters.Furthermore, n =Pk>0 k�k, as counting the number of objects cluster by cluster mustresult in all objects being accounted for. So the set of all non-negative integer vectors� satisfyingPk>0 k�k = n comprises all possible clusterings, which we denote by �(n),i.e. �(n) = 8<:� 2 Nn ������Xk>0 k�k = n9=; : (2.1)where N = f0; 1; 2; : : :g is the set of natural numbers.How many such clusterings are there? The size of the set �(n), denoted p(n), can bedetermined most readily from a generating function or formal power series method. If



16ff0; f1; : : :g is a sequence, then the formal power series f(q) =Pn fnqn is its (ordinary)generating function.1 Often the generating function can be expressed more compactlythan the original sequence. For example, in this case1Xn=0 p(n)qn = 1Xn=0 qn X�(n) 1 = 1Xn=0 X�(n) qPk>0 k�k= X�2N1Yk>0 qk�k = 1X�1=0 q�1 1X�2=0 q2�2 � � �= Yk>0 11� qk =: P (q) : (2.2)By direct expansion of this generating function (or by other methods, see section 2.3.1)one can compute any value of p(n), and table 2.1 lists the �rst few values.Table 2.1: Number of integer partitions p(n) for n = 1(1)15.n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15p(n) 1 2 3 5 7 11 15 22 30 42 56 77 101 135 176Although the above discussion was cast in terms of partitioning indistinguishableobjects, one could equally well have discussed partitioning integers into positive parts.If one associates with each cluster of size j in the partition of n indistinguishableobjects the part j in the partition of the integer n, a bijection between the two sets isestablished. For example, the partition 3+2+1 = 6 is associated with the con�gurationvector � = (1; 1; 1; 0; 0; : : :). For this reason a particular cluster con�guration of nindistinguishable objects is referred to by the corresponding partition of the integern. Partitions of n are usually speci�ed by �2, or alternately by (�1; : : : ; �r) where�1 � � � ��r � 1 and n =Pk �k. Table 2.2 lists the partitions of the �rst few integers.As a mathematical problem, the properties of integer partitions has had a long andinteresting history, the early part of which is amply documented in Leonard Dickson'sHistory of the Theory of Numbers [77]. He marks the beginning of the subject as a letter1If q = ei�x then this is equivalent to a discrete Fourier transform of the sequence. Fast Fouriertransform methods can then be applied. We also can (and will) introduce other generating functions,such as exponential generating functions Pn fnqn=n!. See Wilf [310] for details.2Often � is written as 1�12�2 : : : with k�k omitted if �k is zero, e.g. 10 = 4 + 2 + 2 + 1 is writtenas 1224.



17Table 2.2: Integer partitions for n = 1(1)5.n 1 2 3 4 (cf. �gure 2.1) 5�(n) 1 21 + 1 32 + 11 + 1 + 1 43 + 12 + 22 + 1 + 11 + 1 + 1 + 1 54 + 13 + 23 + 1 + 12 + 2 + 12 + 1 + 1 + 11 + 1 + 1 + 1 + 1from Gottfried Leibniz to John Bernoulli asking him if he had investigated the numberof ways a number can be partitioned into two, three, or many parts. This was in 1669.Apparently this question did not encourage further research until Leonard Euler tookup the subject around 1740, and proceeded to discover most of the elementary results3,including the surprising pentagonal number theorem4, which states thatYk>0(1� qk) = 1Xn=�1(�1)nqn(3n�1)=2 ; (2.3)i.e. that the in�nite product expansion has coe�cients restricted to �1; 0. This isclearly an unexpected result, but not an unwelcome one. The inverse of this productis the generating function for p(n) (equation (2.2)), so a simple recursive formula forcomputing p(n) can be derived (see section 2.3.1).It is clear from table 2.1 that the number of integer partitions grows rapidly with n.In fact, Godfrey H. Hardy and Srinivasa Ramanujan [142, 143] showed using complexanalysis that for large n, p(n) grows exponentially with the square root of n, i.e.p(n) � 14p3ne�p2n=3 : (2.4)Actually, they were able to compute a divergent series5 for p(n) in terms of some3We should follow the advice of Laplace, \Read Euler, read Euler, he is the master of us all" [173],a comment possibly motivated by the sheer volume of Euler's published works, touching all areas ofmathematics.4The pentagonal number theorem, although an analytic identity, has a combinatorial interpretationin partition theory, cf. Andrews [11].5Divergent series like Hardy-Ramanujan's are often quite useful since a �nite truncation of the serieswill often give a good approximation. For example, Stirling's approximation for �(z) � p2�e�zzz�1=2is the �rst term of a divergent series for the gamma function. See Hardy [141] for more details.



18transcendental functions and Hans Rademacher [244] modi�ed their series slightly toarrive at a convergent series. Paul Erd�os [91] has also produced an elementary (thoughtedious) proof of this asymptotic formula. 6How many parts are there in a partition �? Since each �k counts how many partsthere are of a particular size k, r = Pk>0 �k is the total number of parts. Integerpartitions of n with the number of parts �xed are known as r-partitions of n, and areinteresting to physicists since oftentimes fragmentation events will be classed by thetotal number of parts, or multiplicity.7 The set of r-partitions of n are denoted by�r(n) = 8<:� 2 �(n) ������r = Xk>0 �k9=; : (2.5)Again, the natural �rst question8 is to ascertain the size of �r(n), denoted pr(n). Agenerating function can be simply computed1Xn=0 1Xr=0 pr(n)qntr = 1Xn=0 1Xr=0 qntr X�r(n) 1 = 1Xn=0 1Xr=0 X�r(n) qPk>0 k�k tPk>0 �k= X�2N1Yk>0(tqk)�k = 1X�1=0(qt)�1 1X�2=0(q2t)�2 � � �= Yk>0 11� qkt =: P (q; t) : (2.6)If we �x r, another generating function can also be determined.1Xn=0 pr(n)qn = qr(1� q)(1� q2) � � �(1� qr) =: Pr(q) : (2.7)Table 2.3 gives pr(n) for n = 1(1)15. From the table it appears that pn�k(n) = f(k) ifn is large enough, and in fact it is easy to show that pr(n) = pn�r(2(n� r)) = p(n� r)for r � n=2.9 This eliminates the need to calculate half the values in an exhaustive6Equation (2.4) and its relatives sometimes appear in physics, where they are useful in estimatingenergy level densities, e.g. the Bethe formula for the energy level density in nuclei [29] and similarformulae in Green, Schwarz and Witten [123], section 2.3.5, and Dyson [83].7Nuclear physicists usually use the symbol m for multiplicity. Here we use r since m is reserved forone of the components in bipartite partitions. In chapter six we revert to the common usage in nuclearphysics, replacing r; n; n1; n2 with m;A;Z;N .8Historically, Euler and many other mathematicians have instead examined the related question ofthe number of partitions with at most r parts p�r(n), i.e. pr(n) = p�r(n) � p�r�1(n) = p�r(n � r).Gupta's tables [134] in fact tabulate this function. Nuclear theorists are more interested in pr(n)however.9Tomescu's problem book [295] gives this as problem 5.11. Section 2.3.2 proves a generalized formulafor bipartite partitions which includes this result as a special case.



19table. One can also show that p1(n) = 1 and p2(n) = �n2 �, and that as n tends toin�nity, pr(n) is given asymptotically (r = o(n1=3)) bypr(n) � 1r! n� 1r � 1! : (2.8)Table 2.3: Number of integer r-partitions pr(n) for 1 � r � n � 15.rnn 1 2 3 4 5 6 7 8 9 10 11 12 13 14 151 1 1 1 1 1 1 1 1 1 1 1 1 1 1 12 1 1 2 2 3 3 4 4 5 5 6 6 7 73 1 1 2 3 4 5 7 8 10 12 14 16 194 1 1 2 3 5 6 9 11 15 18 23 275 1 1 2 3 5 7 10 13 18 23 306 1 1 2 3 5 7 11 14 20 267 1 1 2 3 5 7 11 15 218 1 1 2 3 5 7 11 159 1 1 2 3 5 7 1110 1 1 2 3 5 711 1 1 2 3 512 1 1 2 313 1 1 214 1 115 1So for indistinguishable objects there are generating functions which enumerate thepossible clusterings both with and without �xing the total number of parts. But theworld is not populated exclusively with indistinguishable objects, so clearly the assump-tion that all the objects in a system are indistinguishable is not always appropriate.Suppose instead of all the objects being indistinguishable, the �rst n1 objects are indis-tinguishable from each other, as are the last n2 = n � n1 objects, but the two groupsof objects are distinguishable from each other. One example from physics where thissituation arises is that of a group of n nucleons, n1 of which are protons, n2 of whichare neutrons. For example, in a helium nucleus there are two protons and two neutrons,and with a little e�ort we can �nd the nine possible ways of forming clusters out of thesefour objects, as is shown in �gure 2.2. When all the objects were indistinguishable thecon�gurations could be uniquely speci�ed by the sizes of the clusters. A cluster is nowuniquely described by the number of protons (from 0 to n1) and the number of neutrons



20Figure 2.2: Cluster con�gurations for four objects of two distinguishable types (i.e.n1 = 2, n2 = 2).
(from 0 to n2). Instead of a vector of n integers characterizing the cluster con�guration,one needs a vector of (n1 + 1)(n2 + 1)� 1 integers, namely � = (�01; �10; : : : ; �n1;n2),such that the two constraints Xjk (j; k)�jk = (n1; n2) (2.9)are satis�ed. Denote the set of all such vectors by �(n1; n2), the set of partitions of theinteger 2-vector (n1; n2),�(n1; n2) = 8<:� 2 N1 ������Xjk (j; k)�jk = (n1; n2)9=; : (2.10)We denote by n = n1 + n2 the content of the system, i.e. the total number of objects.The number of such con�gurations p(n1; n2) = j�(n1; n2)j can be computed from itsgenerating functionXn1;n2�0 p(n1; n2)qn11 qn22 =Yjk 11� qj1qk2 =: P (q1; q2) : (2.11)It is easy to see that p(n1; n2) = p(n2; n1) and p(n1; 0) = p(n1), and table 2.4 listsvalues for the �rst few pairs of integers.Mathematically, this generalization of integer partitions has not attracted muchattention. In 1912, Percy A. MacMahon [200,202], applying his earlier work on dis-tributions [198], showed they could be enumerated using existing symmetric functiontables. This led him to a series of papers on their enumeration [203{205], and a short



21Table 2.4: Number of vector partitions p(m;n) for 1 � m;n � 10.rnn 1 2 3 4 5 6 7 8 9 101 2 4 7 12 19 30 45 67 97 1392 9 16 29 47 77 118 181 267 3923 31 57 97 162 257 401 608 9074 109 189 323 522 831 1279 19415 339 589 975 1576 2472 38046 1043 1752 2876 4571 71287 2998 4987 8043 126938 8406 13715 218939 22652 3653510 59521table of p(m;n) for m � 10; n � 8 appears in [204] (with several errors). In the 1950s,interest in the asymptotic behavior of p(m;n) produced several papers (cited below) byF.C. Auluck, V.S. Nanda, E.M. Wright and M.M. Robertson. M.S. Cheema and T.S.Motzkin [62] extended these studies to r-partitions in 1971, and gave further asymptoticresults and algorithms for computation.Again it is clear that the number of partitions of (n1; n2) grows rapidly. Indeed,it is larger than the number of corresponding integer partitions of the same con-tent, i.e. p(n1; n2) � p(n1 + n2) and is much greater when n1 � n2. For example,p(10; 10)=p(20)� 95, p(20; 20)=p(40)� 8100. The reason can be seen from the asymp-totic expansion of p(n; n), which was �rst presented by F.C. Auluck [14]10 in 1953p(n; n) � �(3)19=36(72�3)1=4n55=36 exp(3�(3)1=3n2=3 + �(2)�(3)1=3n1=3 + � 0(�1) + �(2)24�(3)2=3 + 14) ;(2.12)where �(z) is the Riemann zeta function, and � 0(�1) � �0:165421. So p(n; n) grows10Ignorant at �rst of this work, I made my own attempt at determining the asymptotics of p(n;n). Iwas able to determine ln p(n;n) � Bn2=3+Cn1=3, and found the correct expression for B (my expressionfor C was nearly correct). So I guessed p(n;n) � An� exp(Bn2=3 + Cn1=3), and tried to determinethe constants from a table of p(n; n) from n = 1� 640 I had constructed. From this table I estimated� � �1:51, which is very close to the exact value of �55=36 � �1:52778. I also estimated B � 3:19,C � 1:54 which compares well to the exact values B = 3:189796, C = 1:547059. The constant termI estimated as greater than A � 0:03, which is nowhere near A = 0:317379 according to Auluck, butas the constant term is the most di�cult to estimate, the disagreement is not entirely unexpected.Auluck's result con�rmed my hypothesis, but also dissuaded further numerical experiments, whichI rather enjoyed. Additionally, unlike the Hardy-Ramanujan result, this was not determined fromestablishing a series expansion, but rather by applying a Tauberian theorem. As a result it can not beused as the starting point for an exact expression for p(n;n).



22exponentially with the 2=3 power of n, whereas p(2n) grows exponentially with the1=2 power of n. The asymptotics of p(n1; n2) is less easily expressed, but still deter-minable in many cases, see V.S. Nanda [228], E.M. Wright [312,314, 313], and M.M.Robertson [259,258,257,260] for details.The total number of clusters in a partition � is given by r =Pjk �jk and so the setof partitions of (n1; n2) into exactly r parts is de�ned by�r(n1; n2) = 8<:� 2 �(n1; n2) ������r =Xjk �jk9=; : (2.13)It has size pr(n1; n2) given by the generating function,Xn1n2;r pr(n1; n2)qn11 qn22 tr =Yjk 11� qj2qk2 t =: P (q1; q2; t) : (2.14)Similar to the case of integer partitions, pr(n1; n2) = f(n1 + n2 � r) if r � max(n1 +n2=2; n2+n1=2), where f(n) = p3n(2n; 2n), which eliminates one sixth of the entries inan exhaustive table.11 It is also asymptotic (as n1; n2 !1) topr(n1; n2) � 1r! n1 � 1r � 1 ! n2 � 1r � 1 ! : (2.15)Table 2.5: Number of vector r-partitions pr(m;n) for 1 � r � m+ n � 10.1 2 3 4 5 6 7 1 2 3 4 5 6 7 8 9 101,1 1 1 7,1 1 7 12 11 7 4 2 12,1 1 2 1 6,2 1 10 21 21 13 7 3 13,1 1 3 2 1 5,3 1 11 26 28 18 9 3 12,2 1 4 3 1 4,4 1 12 29 32 21 10 3 14,1 1 4 4 2 1 8,1 1 8 16 16 12 7 4 2 13,2 1 5 6 3 1 7,2 1 11 28 31 23 13 7 3 15,1 1 5 6 4 2 1 6,3 1 13 37 45 34 19 9 3 14,2 1 7 10 7 3 1 5,4 1 14 42 53 42 23 10 3 13,3 1 7 11 8 3 1 9,1 1 9 20 23 18 12 7 4 2 16,1 1 6 9 7 4 2 1 8,2 1 13 36 46 37 24 13 7 3 15,2 1 8 15 12 7 3 1 7,3 1 15 48 68 57 36 19 9 3 14,3 1 9 18 16 9 3 1 6,4 1 17 58 86 75 48 24 10 3 15,5 1 17 60 90 80 52 25 10 3 111See section 2.3.2 for details. A further one twelfth of the entries can be similarly eliminated.



23The general case is to consider vector partitions12 of (n1; : : : ; ns), n = Psk=1 nk ,where nk are the number of indistinguishable objects of type k. We will call such systemss-component or s-partite systems of content n, as there are s types (components) ofdistinguishable objects and n objects overall. A cluster con�guration of such a system isthen given by the vector of Qsj=1(nj +1)� 1 integers, � = (�00:::01; : : : ; �n1;::: ;ns) where�k1:::ks , or �k is the number of clusters with k1 objects of the �rst type, k2 objects ofthe second type, etc. There are s constraints on the cluster con�gurations, namelyXk>0(k1; : : : ; ks)�k = (n1; : : : ; ns) ; (2.16)and the set of all such cluster con�gurations or vector partitions is (not surprisingly)denoted by �(n) = 8<:� 2 N1 ������Xk>0 k�k = n9=; : (2.17)The properties of these vector partitions are generalizations of the 2-vector case, so wewill just quickly summarize them. The number p(n) of such con�gurations is againenumerated by a generating functionXn�0 p(n)qn11 � � � qnss = Yk>0 11� qk11 � � �qkss =: P (q1; : : : ; qs) : (2.18)The leading term for the asymptotic expansion of p(n) for nk = n, k = 1; : : : ; s is givenby ln p(n; : : : ; n) � (s+ 1)�(s+ 1)1=(s+1)ns=(s+1) : (2.19)The total number of clusters is given by r = Pk>0 �k and the set of partitions of(n1; : : : ; ns) into r parts is denoted by�r(n) = 8<:� 2 �(n) ������r = Xk>0 �k9=; : (2.20)12Vector partitions have many names in the literature, such as multipartitions, partitions of multipar-tite numbers, partitions of integer vectors, etc. \Vector partitions" has obvious syntactic advantages,and will be used exclusively throughout this work.



24Similarly, the generating function for pr(n)13 is given byXn�0;r pr(n)qn11 � � �qnss tr = Yk>0 11� qk11 � � �qkss t =: P (q1; : : : ; qs; t) : (2.21)and its asymptotic behavior is given bypr(n) � 1r! sYk=1 nk � 1r � 1 ! : (2.22)The important aspect of this rather long mathematical section is that describingthe character of a system of objects with varying distinguishabilities is a well de�nedhistorical problem that has been solved in the following sense. For any particular dis-tinguishability scheme, we can determine the number of available states, either exactlyusing generating functions as we will detail in section 2.3, or asymptotically using theHardy-Ramanujan formula or its kin. The states themselves can be simply and uniquelydescribed by enumerating the number of occurrences of each possible distinguishablecluster. Complicated distinguishability schemes therefore present only accounting di�-culties, and are no more intrinsically di�cult than the case of completely indistinguish-able objects. In fact all of the cases considered in this section are simply examples of ageneral combinatorial object speci�ed by a nonnegative integer vector � = (�1; �2; : : :)satisfying the set of constraintsXk>0(fk1; : : : ; fks)�k = (n1; : : : ; ns) : (2.23)The set of all such objects �(n; f) is enumerated by the ordinary generating functionXn�0 p(n; f) sYk=1 qnkk = Yj>0 11�Qsk=1 qfjkk : (2.24)13MacMahon [202] showed that this can be expressed in terms of a sum over ordinary partitions ofr, namely Xn�0;r pr(n)qn11 � � � qnss tr =Xr tr(1� t)X�(r)Yk>0 1�k! � 1kQsj=1(1� qkj )��ka formula which is interesting, but not particularly helpful in practical calculations (except when r issmall).



252.1.2 Set partitions and permutationsThe previous section assumes that all objects are indistinguishable, or that the objectsform sets of indistinguishable objects. Suppose instead that all objects are distin-guishable. By the above discussion, the states are given by partitions of the n-vector(1; 1; : : : ; 1), but there is another point of view which is useful to consider. Since eachobject is distinguishable, each cluster is distinguishable and is speci�ed by the set ofobjects which it contains, so �k = 0; 1 for any k. So we might as well only list theclusters which appear. A partition of all the objects into clusters is therefore equivalentto a partition of the set of objects into disjoint subsets (i.e. clusters). In mathemat-ical language, we are interested in partitioning the set of (distinguishable) objects Xinto subsets X1; : : : ; Xr such that Xi \ Xj = ;; i 6= j and [iXi = X . This castingof the problem into mathematical language shows the partitioning of distinguishableobjects is the mathematical equivalent of set partitioning, just as the partitioning ofindistinguishable objects is equivalent to integer partitioning. Denote the set of all setpartitions of n objects by �(n) and the set of all set partitions of n objects into exactlyr parts, i.e. set r-partitions of n, by �r(n). It is a well known fact that the numberof set partitions of n objects is given by the Bell number B(n) and the number of setr-partitions of n objects is given by the Stirling number of the second kind �nr	 [296].Stirling numbers (of both kinds) were introduced by James Stirling [281] in 1730, andBell numbers were introduced in 1934 by Eric T. Bell [24,23,25]. As in the case of parti-tions, we can derive generating functions which determine these numbers. Exponentialgenerating functions for these numbers can be found in most combinatorics books, seeTomescu [296] for instance, so we simply quote the resultsXn�0B(n)qnn! = eeq�1 ; (2.25)Xn�0Xr�0(nr)qnn! tr = et(eq�1) : (2.26)



26Some alternative generating functions for �nr	 areXn�0(nr)qn = qr(1� q)(1� 2q) � � �(1� rq) ; (2.27)Xn�0(nr)qnn! = (eq � 1)rr! : (2.28)Tables 2.6 and 2.7 list the �rst few Bell numbers and Stirling numbers of the secondkind. Notice that the number of set partitions B(n) grow much more quickly thanthe corresponding number of integer partitions p(n) (as to be expected), and that�n1	 = �nn	 = 1, �n2	 = 2n�1�1, � nn�1	 = �n2�. Asymptotic results [224,223] with n!1are given by B(n) � en(R+1=R�1)�1(R+ 1)1=2  1� R2(2R2 + 7R+ 10)24n(R+ 1)3 ! ;(nr) � rnr! ; (2.29)( nn� r) � n2rr!2r :where R+ lnR = lnn.Table 2.6: Number of set partitions or Bell numbers B(n) for n = 1(1)12.n 1 2 3 4 5 6 7 8 9 10 11 12B(n) 1 2 5 15 52 203 877 4140 21147 115975 678570 4213597Since each set partition of X = [jXj can be associated with a unique integerpartition of jX j by associating each Xj with an integer part of size jXjj, we have anatural map from the set partitions to the integer partitions. Many set partitions canmap to the same integer partitions (as expected, since B(n) � p(n)) but every integerpartition has at least one set partition in the map's preimage, so the map is surjectivebut not bijective. For example, the second column of table 2.8 details such a projectionof �4 onto �(4). The number of set partitions which map to a particular integer partition



27Table 2.7: Number of set r-partitions or Stirling numbers of the second kind �nr	 for1 � r � n � 12.rnn 1 2 3 4 5 6 7 8 9 10 11 121 1 1 1 1 1 1 1 1 1 1 1 12 1 3 7 15 31 63 127 255 511 1023 20473 1 6 25 90 301 966 3025 9330 28501 865264 1 10 65 350 1701 7770 34105 145750 6115015 1 15 140 1050 6951 42525 246730 13794006 1 21 266 2646 22827 179487 13236527 1 28 462 5880 63987 6273968 1 36 750 11880 1590279 1 45 1155 2227510 1 55 170511 1 6612 1� of n is attributed to Cauchy14, and is equal toPart(�) = n!Yj>0 1�j !(j!)�j : (2.30)This identity will have signi�cant consequences when we discuss statistics in the nextchapter (see section 3.1.1).Note that the cluster decomposition function can be modi�ed to induce insteada map from set partitions of X onto any particular vector partition of content jX j.For example, to model partitions of integer 2-vectors, the cycle decomposition can bemodi�ed to distinguish between the two kinds of objects, inducing a di�erent surjectivemap to project out the cycle structure. These kinds of con�gurations can arise fromthe set partition picture by mapping a set partition to a cluster exactly as before, onlydistinguishing the �rst n1 elements as di�erent from the last n2. The third column intable 2.8 shows such a decomposition for �4 onto �(2; 2). The number of set partitionswhich correspond to a speci�c partition of (n1; n2) is given by the generalization of14Many combinatorics texts attribute this result to Cauchy, but none give a reference. Indeed,Sylvester and Jacobi may deserve credit for this result, but it will probably continue to be called the\Cauchy" numbers



28Table 2.8: The �fteen set partitions of �4 and their partition representations in �(4)and �(2; 2). � 2 �4 (�1; : : : ; �4) (�01; �02; �10; : : :�22)f1gf2gf3gf4g (4, 0, 0, 0) (2,0,2,0,0,0,0,0)f1, 2gf3gf4g (2, 1, 0, 0) (2,0,0,0,0,1,0,0)f1, 3gf2gf4g (2, 1, 0, 0) (1,0,1,1,0,0,0,0)f1, 4gf2gf3g (2, 1, 0, 0) (1,0,1,1,0,0,0,0)f2, 3gf1gf4g (2, 1, 0, 0) (1,0,1,1,0,0,0,0)f2, 4gf1gf3g (2, 1, 0, 0) (1,0,1,1,0,0,0,0)f3, 4gf1gf2g (2, 1, 0, 0) (0,1,2,0,0,0,0,0)f1, 2gf3, 4g (0, 2, 0, 0) (0,1,0,0,0,1,0,0)f1, 3gf2, 4g (0, 2, 0, 0) (0,0,0,2,0,0,0,0)f1, 4gf2, 3g (0, 2, 0, 0) (0,0,0,2,0,0,0,0)f1, 2, 3gf4g (1, 0, 1, 0) (1,0,0,0,0,0,1,0)f1, 2, 4gf3g (1, 0, 1, 0) (1,0,0,0,0,0,1,0)f1, 3, 4gf2g (1, 0, 1, 0) (0,0,1,0,0,1,0,0)f2, 3, 4gf1g (1, 0, 1, 0) (0,0,1,0,0,1,0,0)f1, 2, 3, 4g (0, 0, 0, 1) (0,0,0,0,0,0,0,1)Cauchy's number, Part(�) = n1!n2!Yjk 1�jk !(j!k!)�jk : (2.31)Generalizing to the vector partition case is simple enough. Vector partition clustercon�gurations can be derived surjectively from set partitions by identifying subsets inthe set partitions with cluster con�gurations, treating 1; : : : ; n1 as indistinguishable,n1 + 1; : : : ; n1 + n2 as indistinguishable, etc. The number of set partitions which mapto a particular partition is given byPart(�) = 0@ sYj=1nj !1A Yk>0 1�k!(k1! � � �ks!)�k : (2.32)If the objects are not only distinguishable, but within each cluster the sequence of theobjects is distinguishable (the �rst object in the cluster sequence being arbitrary), thenthe partitions of the objects are identi�ed with permutations and cycle decompositionof the permutation determines the cluster con�gurations. We denote by Sn the setof all permutations on n objects and S(r)n the set of permutations with a total of rcycles. Determining the order of these sets is an old problem in combinatorics. The



29number of permutations of n objects is simply the factorial number n! and the numberof r-permutations is given by �nr�, the unsigned Stirling numbers of the �rst kind [281].Exponential generating functions for these numbers are given byXn�0n!qnn! = 11� q ; (2.33)Xn�0Xr�0"nr#qnn! tr = � 11� q�t : (2.34)An alternate generating function �nr� isXn�0 "nr#qnn! = (� ln(1� q))rr! : (2.35)Tables 2.9 and 2.10 list the �rst few factorial numbers and unsigned Stirling numbersof the �rst kind. Again, the table shows the number of permutations grow more quicklythan the number of set or integer partitions, and that �nn� = 1, �n1� = (n�1)!, � nn�1� = �n2�.Asymptotic results [225] for n!1 aren! � p2�nn+1=2e�n ;"nr# � (n� 1)!(
+ lnn)r�1(r � 1)! ; (2.36)" nn� r# �  nr!�n� r2 �r ;where 
 � 0:5772156649 is Euler's constant.15Table 2.9: Number of permutations or factorial numbers n! for n = 1(1)10.n 1 2 3 4 5 6 7 8 9 10n! 1 2 6 24 120 720 5040 40320 362880 3628800As in the case of set partitions, cluster decomposition of the permutations induces amap from the permutations onto the set of integer partitions. In other words, identifya permutation with a particular cluster con�guration by decomposing the permutationinto its cycles and associating each cycle of length k with a cluster of size k. As withset partitions, this map can be modi�ed to project onto any vector partition space,15More extensive asymptotic formulae for Stirling numbers can be found in [292].



30Table 2.10: Number of r-permutations or unsigned Stirling numbers of the �rst kind�nr� for 1 � r � n � 10.rnn 1 2 3 4 5 6 7 8 9 101 1 1 2 6 24 120 720 5040 40320 3628802 1 3 11 50 274 1764 13068 109584 10265763 1 6 35 225 1624 13132 118124 11727004 1 10 85 735 6769 67284 7236805 1 15 175 1960 22449 2693256 1 21 322 4536 632737 1 28 546 94508 1 36 8709 1 4510 1or onto the set partitions. As an example consider the 24 permutations of n = 4 andtheir identi�cation both integer partitions and vector partitions of (2; 2) as given intable 2.11. Again this is a surjective map from the permutations to the partitions, andthe number of permutations which map to a particular integer partition16 � of n wascalculated by Cauchy, who showed it equal toPerm(�) = n!Yj>0 1�j !j�j : (2.37)A similar formula generalizes the map of permutations onto a particular vector partition,giving the generalized Cauchy numberPerm(�) = 0@ sYj=1nj !1A Yk>0 1�k! � (k � 1)!k1! � � �ks!��k : (2.38)where k =Psj=1 kj .In conclusion we have extended the notion of distinguishability in such a way soas to naturally identify set partitions and permutations with clustering objects. Moreimportantly, the connection between these objects and integer and vector partitionsintroduced in the previous section has been made explicit and denumerable by de�ningthe Cauchy numbers. These numbers can be determined quickly from the compact for-mulas given in the section. Indeed, the form of the Cauchy numbers is fortunate in view16Perm(�) is denoted M2(�) in Abramowitz and Stegun [1].



31of the kinds of statistical models we will be interested in analyzing. Figure 2.3 sketchesthe hierarchical relationship between various representations of clustering states wehave introduced, a �gure which should reinforce the fact that various distinguishabilityschemes can be implemented by projecting states out of the more general objects suchas permutations or set partitions.Table 2.11: The twenty four permutations of S4 (in standard and cycle notation) andtheir partition representations in �(4), �(2; 2).p p (�1; : : : ; �4) (�01; �02; �10; : : : ; �22)(1,2,3,4) (1)(2)(3)(4) (4,0,0,0) (2,0,2,0,0,0,0,0)(1,2,4,3) (1)(2)(3,4) (2,1,0,0) (0,1,2,0,0,0,0,0)(1,3,2,4) (1)(2,3)(4) (2,1,0,0) (1,0,1,1,0,0,0,0)(1,4,3,2) (1)(2,4)(3) (2,1,0,0) (1,0,1,1,0,0,0,0)(3,2,1,4) (1,3)(2)(4) (2,1,0,0) (1,0,1,1,0,0,0,0)(4,2,3,1) (1,4)(2)(3) (2,1,0,0) (1,0,1,1,0,0,0,0)(2,1,3,4) (1,2)(3)(4) (2,1,0,0) (2,0,0,0,0,1,0,0)(1,3,4,2) (1)(2,3,4) (1,0,1,0) (0,0,1,0,1,0,0,0)(1,4,2,3) (1)(2,4,3) (1,0,1,0) (0,0,1,0,1,0,0,0)(4,2,1,3) (1,4,3)(2) (1,0,1,0) (0,0,1,0,1,0,0,0)(3,2,4,1) (1,3,4)(2) (1,0,1,0) (0,0,1,0,1,0,0,0)(2,3,1,4) (1,2,3)(4) (1,0,1,0) (1,0,0,0,0,0,1,0)(2,4,3,1) (1,2,4)(3) (1,0,1,0) (1,0,0,0,0,0,1,0)(3,1,2,4) (1,3,2)(4) (1,0,1,0) (1,0,0,0,0,0,1,0)(4,1,3,2) (1,4,2)(3) (1,0,1,0) (1,0,0,0,0,0,1,0)(2,1,4,3) (1,2)(3,4) (0,2,0,0) (0,1,0,0,0,1,0,0)(3,4,1,2) (1,3)(2,4) (0,2,0,0) (0,0,0,2,0,0,0,0)(4,3,2,1) (1,4)(2,3) (0,2,0,0) (0,0,0,2,0,0,0,0)(3,4,2,1) (1,3,2,4) (0,0,0,1) (0,0,0,0,0,0,0,1)(4,1,2,3) (1,4,3,2) (0,0,0,1) (0,0,0,0,0,0,0,1)(2,3,4,1) (1,2,3,4) (0,0,0,1) (0,0,0,0,0,0,0,1)(2,4,1,3) (1,2,4,3) (0,0,0,1) (0,0,0,0,0,0,0,1)(3,1,4,2) (1,3,4,2) (0,0,0,1) (0,0,0,0,0,0,0,1)(4,3,1,2) (1,4,2,3) (0,0,0,1) (0,0,0,0,0,0,0,1)2.2 Combinatorial theoriesThe objects de�ned in the previous section adequately describe the states of a fragment-ing system, but applying them successfully will require more combinatorial theory than



32Figure 2.3: Schematic �gure illustrating the relation (generally surjective) betweenvarious combinatorial fragmentation objects under projection.
permutations

partitionsset partitions

vector
partitions
integerthe amount presented already for their enumeration. This section introduces P�olya-de Bruijn enumeration theory (2.2.1) and symmetric function theory (2.2.2), combina-torial theories which will prove to be quite useful in the next chapter when computingstatistical functions. Since they can be de�ned and applied independently of the sta-tistical models, they are presented here in a strictly combinatorial setting. Statisticalinterpretations of the results will wait till the next chapter.Good references for this section are numerous, and for P�olya-de Bruijn enumera-tion theory include the previously mentioned works by Tomescu [296], Berge [26] andRiordan [255] as well as Graph Theory by Frank Harary [140]. Symmetric functionsare most often discussed in the context of the theory of equations, but MacMahon'sCombinatory Analysis [201] or more recently Symmetric functions and Hall polynomialsby Ian MacDonald [195] present them from a combinatoric vantage.



332.2.1 P�olya-de Bruijn enumeration theoryThe previous section showed that given the set of set partitions (or permutations) onn objects and an appropriate cluster decomposition function, we can project onto anyvector partition space, and hence can describe any distinguishability scheme in thecontext of set partitioning. In this instance information about the distinguishability ofobjects is contained in the cluster decomposition function. We can make the distin-guishability mapping more formal by encoding it directly in a symmetry group G ofpermutations on the n objects. For example if all objects are distinguishable, then thegroup G containing only the identity element encodes the distinguishability, since anynontrivial permutation of a con�guration can be detected as all the objects are distin-guishable. On the other extreme, if all objects are indistinguishable any permutationon n elements leaves con�gurations unchanged, so that the symmetry group is G = Sn,the complete permutation group on n objects.This notion of distinguishability de�ned by a symmetry group is the basis for P�olya-de Bruijn enumeration theory [242, 243, 42]. This theory is a beautiful combination ofgroup theory, partitions and symmetric functions (see next section) which was developedto systematically solve a number of di�cult enumeration problems. Although thisdissertation has no need to apply it for its designed purpose, the central function ofP�olya theory is the same as the canonical Gibbs model partition function in statisticalphysics (section 3.2.1) which will play a central role in our description of many physicalsystems, and so a brief discussion of the theory is merited. Proofs of the principalresults are omitted, but can be found in the above references. Historically, it shouldbe noted that the essence of George P�olya's 1937 paper is to be found in a paper byJ.H. Red�eld [251] ten years earlier which for some unfortunate reason languished inobscurity for years before being discovered around 1960 by Frank Harary, a noted graphtheorist [139, 140]. Additionally, some of MacMahon's work [201] touches on elementsof P�olya theory. A rather modest application of this theory is made in section 5.8 tocounting loop-free graphs and digraphs, and the theory has occasionally been applied toproblems of physical interest such as the determination of virial expansions in non-ideal



34gases [298,254,181].First we will review some basic notions from group theory.17 A group (G; �) is(technically) a set G and a binary operator � which satisfy the group axioms (see�gure 2.4). Nontechnically, a group is a way of encoding how a system changes under aset of transformations. For example, if you rotate an n-sided polygon about its centerin the plane by an angle 2�=n repeatedly, you will form a group, known as the cyclicgroup Zn. If we add one more rotation about the center through one of its vertices, wedouble the number of possible arrangements of the vertices, and have constructed thedihedral group Dn. The symmetric group Sn is the group of all bijections on n objectswith the operator being function composition, i.e. permutations on n objects, and inthis polygon representation is all possible ways of labeling the n vertices.Figure 2.4: Group theory axioms� (closure) 8g; h 2 G; g � h 2 G.� (associativity) 8f; g; h 2 G, f � (g � h) = (f � g) � h� (identity) 9e 2 G; e � e = e.� (inverse) 8g 2 G; 9h 2 G, g � h = h � g = eThe following de�nitions are needed for our discussion. The order of a group G isthe size of the set G, and is denoted jGj. A subgroup H of a group G is simply a subsetof the group which still satis�es the group axioms. Two groups G;H are isomorphicif there exists a bijection between them such that the group structure is preserved, i.e.9f : G ! H , f(g �G h) = f(g) �H f(h). The direct product of two groups G and His the set of all ordered pairs of elements (g; h), g 2 G; h 2 H with the product rule,(g1; h1) � (g2; h2) = (g1g2; h1h2). By construction jG�H j = jGjjH j. If G acts on a setX , the orbit of x 2 X is the set fgx : g 2 Gg � X .Suppose we have n = Psk=1 nk objects, each nk being a set of indistinguishableobjects, but the groups are separately distinguishable. Within each set, the permutation17There are many good introductory group theory books, but I referred to Herstein [146] to preparethis section.



35group Snk encodes the symmetry, which is independent of the symmetry of any othergroup of objects. Therefore the overall symmetry group G must contain permutationswhich permute within the separate sets of objects but not among each other. A directproduct of symmetry groups has this property, and we see that the symmetry group forthe vector partition scheme (n1; : : : ; ns) is encoded in the group G = Sn1 � � � � � Sns ,with jGj = Qsk=1 nk!. Now this group is in fact a subgroup of Sn18. For every elementin Sn, and therefore for any element in its subgroup G, we can assign a set of cycleindexes �1; �2; : : : where �j is the number of cycles in the permutation of length j, suchthat if p 2 Sn then Pk>0 k�k(p) = n since each element of the group lies in exactlyone cycle. In fact, this was just what was done when we de�ned the Cauchy numbersin the last section. Let X be our set of objects, then the orbits of X are the sets ofindistinguishable objects.We can now write down a simple theorem due to P�olya which generalizes a wellknown result attributed to Burnside but certainly known to Cauchy and Frobeniusmuch earlier.Theorem 2.2.1 (P�olya) Let G be a permutation group acting on a set X � [n] withorbits �1; : : : ; �r and let w be a function which assigns a weight to each x 2 X such thatw(x) = w(�i) whenever x 2 �i. Then the sum of the weights of the orbits is given byXi w(�i) = 1jGjXg2G Xx=gxw(x) : (2.39)An immediate corollary is the well known Burnside's lemma.Corollary 2.2.1 (Burnside's lemma) The number of orbits in a group G � Sn isN(G) = 1jGjXg2G �1(g) : (2.40)Proof: Let w(x) = 1 and apply P�olya's theorem.This simple result due to P�olya is the basis of P�olya's theorem which we will nowmotivate.19 Suppose we have a set of objects X , jX j = n whose distinguishability is18Cayley's theorem states that every �nite group is a subgroup of some permutation group Sm, butin this case m � n, and for convenience we can think of it as a subgroup of Sn.19The path from the simple result to the more powerful theorem is unfortunately omitted. Interestedreaders should consult this sections references.



36given by a group G and a set of colors R, jRj = r. We want to color each object in Xwith exactly one color from R. Call such a coloring c, which is a map from X to R, i.e.c : X ! R. Suppose each color r 2 R has content w(r) given by a nonnegative integer.De�ne the content of a coloring as the sum of the contents assigned to the colors ofeach object, i.e. w(c) = Xx2X w(c(x)) : (2.41)The combinatorial question which P�olya theory then answers is given R and w : R !f0; 1; 2; : : :g, how many di�erent colorings on X have a given total content w, treatingcolorings as equivalent if 9g 2 G which transforms one coloring into another.Theorem 2.2.2 (P�olya's enumeration theorem) Let X be a set of objects, jX j =n and G � Sn a group of permutations acting on X describing the distinguishability ofthe objects. Let R be a set of colors, andf(x) = Xj fjxj ; (2.42)F (x) = Xj Fjxj (2.43)be generating functions, where fj is the number of colors having content j and Fj is thenumber of equivalence classes (colorings) of content j. Then,F (x) = Z(G; f(x); f(x2); : : : ; f(xn)) ; (2.44)where Z(G; g1; : : : ; gn) := 1jGjXg2GYj�1 g�j(g)j (2.45)is the cycle index function.Nicolaas G. de Bruijn as well as others have extended this theorem in various waysand this theory is generally referred to as P�olya-de Bruijn enumeration. One importantgeneralization is that if the content is given by a vector of nonnegative integers, thenthe theorem becomesF (x1; : : : ; xm) = Z(G; f(x1; : : : ; xm); f(x21; : : : ; x2m); : : :f(xn1 ; : : : ; xnm)) : (2.46)



37One other important result is that is the group G is a direct product, then the cycleindex function is a simple product, i.e.Z(G�H) = Z(G)Z(H) : (2.47)This is all very interesting for the combinatorist, but should a physicist be interestedin these counting methods. The short answer is yes. The combinatorial interpretationis easily reinterpreted as a statistical one, and the theorem then provides a method tosolve these problems. For example, note that for the full permutation group, the cycleindex is given by Z(Sn; g1; : : : ; gn) = X�(n)Yj�1 1�j ! �gjj ��j : (2.48)Therefore, for indistinguishable objects, this sum is of critical importance. In fact, wewill show in the next section that it is a particular symmetric function of historical sig-ni�cance, and moreover it is related to a statistical model which can be used to describethe fragmentation and aggregation of indistinguishable objects (see section 3.2.1). Fornow, we will just note that if we have an in�nite number of colors, each with a uniquecontent, then fj = 1) f(x) = 1=(1� x), and by P�olya's theoremF (x) = X�(n)Yj�1 1�j ! � 1j(1� xj)��j ; : (2.49)But F (x) = Pj Fkxk with Fk the number of colorings of content k. Since each colorhas a unique content and there are only n objects to color, we can say k = Pnj=1 j�j,or that F (x) enumerates partitions with maximum part n, i.e.F (x) = 1(1� x)(1� x2) � � �(1� xn) : (2.50)Combining equations (2.49) and (2.50) gives a partition identity originally due to Cay-ley [53,55,201], namely, 1(1� x)(1� x2) � � �(1� xn) = X�(n)Yj�1 1�j ! � 1j(1� xj)��j : (2.51)



382.2.2 Symmetric function theoryFrom P�olya theory it is natural to introduce the theory of symmetric functions. Asymmetric function is a function on n variables such that under any permutation of thevariables the function is invariant. For example, f(x1; x2; x3) = x1x2x3+x31+x32+x33 isa symmetric function on three variables. Interest in the theory of symmetric functionsarose from the e�orts of mathematicians studying polynomial equations. Sir IsaacNewton [230] in 1707 proved that given the polynomial equationxn + a1xn�1 + � � �+ an = 0 ; (2.52)with roots x1; : : : ; xn, the following relation between the roots and the coe�cients holds,�a1 = x1 + x2 + : : :+ xn ;+a2 = x1x2 + x1x3 + � � � ;... ... ;(�1)nan = x1x2 � � �xn ;i.e., that the coe�cients are symmetric functions of the roots. The combinatorial signif-icance of symmetric functions was recognized by Percy A. MacMahon, who used themextensively in his treatise Combinatory Analysis [201], which collected results from hisearlier published papers. We will see shortly that they also arise in the P�olya theory ofindistinguishable objects.Putting aside historical questions for the moment, the symmetric functions en, kn20are de�ned implicitly by the following two generating functions.E(q) = Yj>0(1 + xjq) = Xn�0 enqn ; (2.53)K(q) = Yj>0 11� xjq = Xn�0 knqn ; (2.54)20kn is usually denoted hn for the homogenous symmetric function, i.e. kn = hn. For vector partitionsthe generalization of the homogenous symmetric function is di�erent from the generalization we use,i.e. kmn 6= hmn, and so forth for other integer vectors, so we have adopted kn throughout the sectionto avoid possible confusion.



39which are equivalent to the following explicit de�nitions,en := Xj1<���<jn xj1xj2 � � �xjn ; (2.55)kn := X�(n) Xj1<���<jn x�1j1 � � �x�njn : (2.56)Notice that kn becomes the generating function for pr(n) if xj = tj . It is useful tode�ne the elementary symmetric function sn21 explicitly bysn :=Xj>0xnj : (2.57)Its generating function is therefore given byS(q) = Xn�0 snqn = Xn�0Xj>0xnj qn =Xj>0 11� xjq : (2.58)These three functions are the symmetric functions of principle interest in combinatorics.For our purposes, we are only interested in sn and kn, but we will include results foren for completeness.In practice, there are easy ways to compute one symmetric function from another.For example, clearly K(q)E(�q) = 1 from the generating function de�nitions, so wehave the following recursion for kn in terms of the ej 's, and vice versa.kn = nXj=1(�1)j+1ejkn�j : (2.59)The following computation reveals kn is also a recursive function of sj 's.S(q)� 1 = Xj>0Xn�1 xnj qn =Xj>0 xjq1� xjq = q ddqXj>0 ln 11� xjq= q ddq lnYj>0 11� xjq = q ddq lnK(q) = qK0(q)K(q) : (2.60)This implies (for n � 1) from a term by term comparisonnkn = nXj=1 sjkn�j : (2.61)21sn is usually denoted pn in modern papers. Since this can easily be confused with p(n), the numberof integer partitions of n, I have retained the old notation used by MacMahon [201].



40Table 2.12: Elementary symmetric function recursion inter-relations.en $ kn snen en =Pnj=1(�1)j+1kjen�j nen =Pnj=1(�1)jsjen�jkn kn =Pnj=1(�1)j+1ejkn�j nkn =Pnj=1 sjkn�jA similar relation holds for kn in terms of ej . Recursion relations for sn can be obtainedby rewriting the already derived expressions, e.g.sn = nkn � n�1Xj=1 kjsn�j : (2.62)Table 2.12 summarizes these recursion relations. This last recurrence (kn $ sn) will bethe primary method for constructing partition functions in a section 3.2.1. However,there the identity is motivated not by a generating function identity, but rather fromthe conservation law. Interestingly, this derivation must therefore be equivalent, andthe notion of conservation of objects can be inferred, for example, by giving statisticalinterpretations to the symmetric functions. The direct derivation of this fact is easierto understand, and so we will not attempt to interpret the above identity in terms ofconservation of objects in this section.These partition identities are possible because of a basic theorem in symmetricfunctions [11].Theorem 2.2.3 (Fundamental theorem on symmetric functions) Every poly-nomial symmetric function f(x1; : : :) can be written as a polynomial in s1; s2; : : : .In other words, using any of the three sets of \elementary" symmetric functions, anypolynomial symmetric function can be expressed.The principle connection between partitions and symmetric functions which is ofinterest to this work was suggested by a result due to Edward Waring [306] in 1762,who discovered and proved that the elementary symmetric functions en and kn are



41related by a sum over all partitions22,kn = Xr (�1)r+nr! X�r(n)Yj>0 e�jj�j ! ; (2.63)en = Xr (�1)r+nr! X�r(n)Yj>0 k�jj�j ! : (2.64)This result and others established the utility of computing tables of symmetric func-tions, a task which was started by Meyer Hirsch [148] in 1808 (up to weight 10). ArthurCayley [54] in 1857 republished these tables (with corrections), noting a number of inter-esting properties and symmetries. This prompted a number of mathematicians to workon extending the tables. Successively, Francesco Fa�a Di Bruno [94] (1875, weight 11),Vaclav �Reho�rovsk�y [252] (1882, weight 12) and William P. Durfee [79,80] (1882, weight12; 1887, weight 14), P.A. MacMahon [197] (1882, weight 13), and Floyd Decker [73](1910, weight 15) extended the tables.23Percy A. MacMahon [196] in 1882 extended these relations, showing that the threefundamental symmetric functions additionally satisfykn = X�(n)Yj>0 1�j ! �sjj ��j ; (2.65)en = Xr (�1)r+n X�r(n)Yj>0 1�j ! �sjj ��j ; (2.66)snn = Xr (�1)r+n(r � 1)! X�r(n)Yj>0 e�jj�j ! (2.67)= Xr (�1)r�1(r� 1)! X�r(n)Yj>0 k�jj�j ! : (2.68)In his widely read treatise [201], he summarized these results, explored their combinato-rial signi�cance and extended the theory substantially. In essence this was a precursorto P�olya theory, as the relation between kn and sn appears in P�olya theory as the cycleindex function for the permutation group Sn, i.e. kn = Z(Sn; s1; : : : ; sn). This connects22Notice that these identities can be reexpressed succinctly in terms of determinants, e.g. en =det(k1�i+j)1�i;j�n, but there is no inherent advantage to expressing them this way, and for our purposes,the above expressions are the most useful.23Of course today such table could be constructed in seconds by computer.



42the theory of symmetric functions to P�olya theory, allowing a natural combinatorial in-terpretation of these symmetric functions. MacMahon explored this well before P�olya,but failed to see its generality.24Waring and MacMahon's formulae connect symmetric functions to integer parti-tions, and hence to clusters con�guration of indistinguishable objects. Since we arealso interested in cluster con�gurations on distinguishable objects, it would be useful tohave de�nitions of vector symmetric functions which can be related to vector partitions.Indeed, the theory of symmetric functions, and these identities in particular, can begeneralized to vector partitions [199], i.e. for partitions of n = (n1; : : : ; ns), we havethe generating functionsE(q) = Xn enqn11 � � � qnss = Yj>0(1 + xjqj11 � � � qjss ) ; (2.69)K(q) = Xn knqn11 � � �qnss = Yj>0 11� xjqj11 � � �qjss ; (2.70)S(q) = Xn snqn11 � � � qnss =Xj>0 11� xjqj11 � � � qjss ; (2.71)and Waring's and MacMahon's identities generalize tokn = Xr (�1)r+nr! X�r(n)Yj>0 e�jj�j!= X�(n)Yj>0 1�j! �(j � 1)!Qi ji! sj��j ; (2.72)en = Xr (�1)r+nr! X�r(n)Yj>0 k�jj�j!= Xr (�1)r+n X�r(n)Yj>0 1�j! �(j � 1)!Qi ji! sj��j ; (2.73)(n� 1)!Qi ni! sn = Xr (�1)r+n(r � 1)! X�r(n)Yj>0 e�jj�j!= Xr (�1)r�1(r� 1)! X�r(n)Yj>0 k�jj�j! : (2.74)24Or did he? J.H. Red�eld's paper was motivated by MacMahon's work on Latin squares. It ispossible MacMahon was aware of the general technique, but limited its use to speci�c examples.



43The recursion relations also generalize, for example,nkn =Xj>0 sjkn�j : (2.75)2.3 Combinatorial algorithmsIt has been implicitly suggested throughout this chapter that the construction of thecombinatorial objects of interest is a technical issue of little consequence. While true ina philosophical sense, the constructions are from an algorithmic point of view a highlynontrivial problem, and one must devote some space to their discussion. Simply put,the algorithms determine the feasibility of applying these techniques to actual systems.Without them, we would be in the unenviable position of giving names to objects wecannot practically compute, construct or enumerate.Given a (possibly in�nite) set of combinatorial objects, a set of parameters specifying(�nite) subsets of the complete set, and a total order that can be applied to elementsof the subsets25 there are four basic algorithms (following Nijenhuis and Wilf [231]) ofinterest to a combinatorist, namely:� Sequence. Given a particular combinatorial object from a speci�ed subset, whatis the next object according to the ordering?� Rank. Given a particular combinatorial object from a speci�ed subset, what is rsuch that the object is the rth element in the set according to the total order?� Unrank. Given an integer r, what is the combinatorial object which is the rthmember of the set according to the total order?� Select randomly. Select an object from a speci�ed subset uniformly at random.Of these algorithms, only the last is particularly useful to a physicist interested instatistical models based on these objects. This is because in the typical cases a physicist25For example, given the set of all integer partitions, take the subsets to be sets of partitions ofa particular integer n and the order to be reverse lexicographic. Alternatively, take the subsets tobe partitions of n into r distinct parts and the order to be minimum change (i.e. a Gray code (seeWilf [309] for a brief introduction to Gray codes).)



44is interested in the size of the subsets is so large as to preclude the kind of individualanalysis the �rst three algorithms would suggest. A random sampling however can beused to test hypotheses and estimate global functions. The determination of the size ofthe subsets is an algorithm which we will additionally be interested, both for its ownvalue and since most random selection algorithms depend on having an enumerationof the objects. For this reason we add it to Nijenhuis and Wilf's list as a fundamentalalgorithm.� Enumerate. How many of the objects are there in a speci�ed subset?This section provides algorithms for the enumeration and random selection of allthe combinatorial objects introduced in section 2.1. Section 2.3.1 reviews establishedalgorithms for the enumeration and random generation of integer partitions, set parti-tions and permutations. Section 2.3.2 tackles the implementation of these algorithmsfor the case of partitions of bipartite numbers, the combinatorial objects of principalinterest to nuclear fragmentation. These algorithms can be extended to other vectorpartitions with little di�culty.The principle reference for this section is the excellent book Combinatorial Algo-rithms by Albert Nijenhuis and Herbert S. Wilf [231]. Additional information on compu-tational aspects of combinatorics can be found in Elements of Combinatorial Computingby Mark B. Wells [308] and Implementing Discrete Mathematics by Steven Skiena [272].2.3.1 Algorithms for integer partitions, set partitions and permuta-tionsThis chapter introduced three commoncombinatorial objects, namely integer partitions,set partitions and permutations. In this section algorithms from the combinatorialliterature [231,296] are presented which enumerate and randomly select these objects,since our interest is principally on these algorithms. Algorithms for sequencing, rankingand unranking these objects can be found in Nijenhuis and Wilf [231].Integer partitions are enumerated by p(n), and pr(n), whose generating functions aregiven by equations (2.2) and (2.6). Euler's pentagonal number theorem (equation (2.3))



45and the generating functions can be used to derive the following recursion relations [11],p(n) = Xk�1(�1)k+1(p(n� k(3k � 1)=2) + p(n� k(3k+ 1)=2)) ; (2.76)pr(n) = pr�1(n� 1) + pr(n� r) ; (2.77)with p(0) = 1, p(k) = 0; k < 0, and p0(n) = �n0. As mentioned before, pr(n) =pn�r(2(n� r)) = p(n� r) if r � n=2, so some entries can be avoided in an exhaustivecomputation.26 The second identity can easily be proved as follows. An r partition ofn either does or does not have a one as one of its parts. If it does, it can be formed byadding a one to an (r� 1)-partition of n� 1. If it does not, it can be formed by addinga one to every part of an r-partition of n� r.Historically, the computation of p(n) prompted substantial research. MacMahon,using the above recursion, tabulated p(n) up to n = 200 in 1918. This table was exam-ined by Ramanujan [245], who noted empirically some interesting congruence relationswhich p(n) appeared to satisfy, for example p(5m+4) � 0 (mod 5). He and others wereable to prove these congruences, but it was the physicist Freeman Dyson [81,82], byinventing the idea of a partition's rank, who showed that the division of partitions intoequivalence classes implicit in the above example could be realized.27 A.O.L. Atkinand P. Swinnerton-Dyer [13] provided the �rst proof however. Hansraj Gupta laterextended MacMahon's table by another method successively to n = 300 [132] in 1935,n = 600 [133] in 1937, and �nally to n = 1000 [134] in 1958. By then, electronic com-puters were available which could have calculated these numbers rapidly, and today itis relatively simple task to compute the �rst several thousand cases of p(n).2826Some other recursive identities for pr(n) arepr(n) = rXk=0 pk(n � r)rpr(n) =Xjs jpr�s(n� sj)27This is not an isolated incident. Freeman Dyson has published articles on partition theory at severalpoints in his career [84, 85].28In fact it is a built-in function in Wolfram Research, Inc.'s MathematicaTM [311], a popular symbolicand numerical mathematics package.



46Selecting a partition � 2 �(n) uniformly at random requires knowledge of p(n).The algorithm is explained in Nijenhuis and Wilf and is a special case of the algorithmfor selecting random vector partitions given in the next section, so we will just give theresult in �gure 2.5.Figure 2.5: Algorithms for generating random integer partitions � 2 �(n); �r(n).random partition(n;�)�j = 0, 8jq  nWhile q > 0Choose (m; j) randomly withPr(m; j) = jp(q�mj)qp(q)�j  �j +mq  q �mj random r-partition(n; r;�)�j = 0, 8jq  n, s rWhile q > 0Choose (m; j) randomly withPr(m; j) = ps�m(q�mj)sps(q)�j  �j +mq  q �mj, s s�mSet partitions are enumerated by the Bell numbers B(n) and the Stirling num-bers of the second kind �nr	. Exponential generating functions were given in equa-tions (2.25), (2.26), and from these we have the following recurrence relationsB(n) = n�1Xk=0 n � 1k !B(k) ; (2.78)(nr) = (n� 1r � 1) + r(n� 1r ) ; (2.79)with B(0) = 1, and �n0	 = �n0. The recurrence for B(n) can be derived from B(n) =P�(n) Part(�) and applying results from section 3.2.1. The recurrence for �nr	 can beproved by an argument similar to the one given for integer r-partitions.An algorithm for the random generation of set partitions is given in �gure 2.6 fromNijenhuis and Wilf. It depends on having the Bell numbers B(n) and an algorithm forrandomly permuting a vector, which we give in �gure 2.7. A detailed explanation of whyit works is given in Nijenhuis and Wilf, but the reasons are similar to the explanationfor the vector partition algorithm given in the next section.Permutations are enumerated by n! and �nr�, the unsigned Stirling numbers of the�rst kind. Their generating functions were given in equations (2.33), (2.34), which



47Figure 2.6: Algorithms for generating random set partitions � 2 �n; �(r)n .random set partition(n;�)q  n, i 0While q > 0Choose j randomly withPr(j) = �q�1j�1�B(q�j)B(q)i i+ 1�k  i; k = q � j + 1; : : : ; qq  q � jrandom permutation(n;�) random set r-partition(n; r;�)q  n, s r, i! 0While q > 0Choose j randomly withPr(j) = 1s �qj��q�js�1	��qs	i i+ 1�k  i; k = q � j + 1; : : : ; qq  q � j, s s� 1random permutation(n;�)imply the following recurrence relations,n! = n(n� 1)! ; (2.80)"nr# = "n� 1r � 1# + (n� 1)"n � 1r # ; (2.81)with 0! = 1, �n0� = �n0. The �rst recurrence is in fact the de�nition of the factorialnumbers, whereas the second is an obvious consequence of splitting the r-permutationsinto sets with and without �xed points.The shu�e algorithm provides a simple random selection algorithm for permuta-tions. Suppose k ! pk under the action of p, and consider (p1; : : : ; pn) as the rep-resentation of the permutation. Starting with the �rst position in the permutation,exchange it with a uniformly at random chosen member from the entire vector. Dothe same for p2, except exclude the �rst entry in the vector. in general he kth positionis chosen uniformly at random from the last n � k numbers in the vector. This algo-rithm29 clearly produces another permutation, and all permutations are equally likelyoutcomes. Figure 2.7 summarizes the algorithm.29With a good unranking algorithm, we could simply pick a number from 1 to n! uniformly at randomand unrank it to obtain a random permutation. Such a method would likely be faster (unranking canbe done in O(ln n) time I believe) than this one, but this method has two clear advantages: it avoids theproblem of unranking and (more importantly) it avoids picking a number uniformly at random from ahuge space of numbers.



48Figure 2.7: Algorithm for generating random permutations p 2 Snrandom permutation(n;p)For k = 1; : : : ; n� 1Choose j randomly withPr(j) = �(j�k)n�k+1pj $ pk2.3.2 Algorithms for vector partitionsAlgorithms for the enumeration and random selection of partitions of vector partitionsappear to be not available in the combinatorial literature. Since bipartite partitions areso important to the discussion of nuclear fragmentation, it is important to introducee�ective algorithms for their enumeration and random selection. The algorithms areeasily generalized to other vector partitions, but for simplicity in notation, we willrestrict our attention to the bipartite case.The enumeration of bipartite partitions can be accomplished in a variety of ways,and several algorithms will be presented, recursive and direct. A recursive algorithmuses the results of previous computations to compute a result, calling itself repeatedlyuntil the results are reduced to some known cases. It is the result of a generatingfunction identity or a constraint relation. A direct algorithm on the other hand com-putes all the values directly from the generating function. It is often the most e�cientmethod, though it requires one to start in ignorance.30 All of the methods presentedhere apply equally well to ordinary partitions and are in fact generalizations of knownpartition algorithms, but it should be noted that the usual algorithm for computing thevalues of p(n) cannot be generalized since Euler's pentagonal number theorem does notgeneralize to higher dimensions.31 These algorithms are therefore in some sense poor30In other words, a preexisting table of values can not be used to expedite the evaluation of entriesoutside the table. All values must be computed ab initio in a direct algorithm, and are evaluated insome sense in parallel (though often the parallelism is di�cult to exploit).31Euler's pentagonal number theorem can be applied to the problem however, but it is not especiallyhelpful, i.e.Yjk (1� xjyk) = Ygcd(j;k)=1 1Yr=1(1� (xjyk)r) = Ygcd(j;k)=1 1Xn=�1(�1)n(xjyk)n(3n�1)=2! :



49cousins of the integer partition algorithm, but they get the job done nonetheless.A simple recursive algorithm just implements the following recursive identity forp(m;n) from section 3.2.2 (setting xj = 1),(m;n)p(m;n) =Xjk Xr�0(j; k)p(m� rj; n� rk) ; (2.82)with p(0; n) = p(n), and recalling p(m;n) = p(n;m) to reduce the number of computa-tions. This algorithm has time complexity O(N4 lnN) to compute all the p(m;n) up top(N;N), and is simple to implement in a recursive environment such as MathematicaTM.Typically, a table of p(m;n) is wanted up to (N;N), in which case the followingdirect algorithm is signi�cantly faster. Given the generating function,Xn1n2 Z(n1; n2)qn11 qn22 =Yjk 11� xjkqj1qk2 ; (2.83)we wish to expand this up to order (uv)N directly from the product expansion. SupposeG(q1; q2) = Pkl g(k; l)qk1ql2, F (q1; q2) = Pkl f(k; l)qk1ql2 are polynomials in q1; q2 withG(q1; q2) = F (q1; q2)=(1�xmnqm1 qn2 ). Then the coe�cients satisfy the following identity,g(k; l) = f(k; l) + xmnf(k �m; l� n) + x2mnf(k � 2m; l� 2n) + : : := f(k; l) + xmng(k �m; l� n) : (2.84)This suggests an e�ective algorithm is to start with P (q1; q2) = 1 and use the above iden-tity to compute the e�ect of multiplying the partially determined generating function bythe factors (1�qj1qk2 )�1 for all j; k up to N;N . This seems to require extra storage spacefor the temporary polynomialG, but in computing F (q1; q2) F (q1; q2)=(1�xmnqm1 qn2 )it is possible to avoid the extra storage by keeping k; l strictly nondecreasing as we up-date f(k; l)32, i.e. f(k; l) f(k; l) + xmnf(k �m; l� n) : (2.85)Now if the number of integer j; k � N with gcd(j; k) = 1 was less than O(N2), then this decompositionwould be helpful. However, PNgcd(j;k)=1 1 � 6�2N2 and so there is no inherent advantage (and severaldisadvantages) to this approach.32Matrix multiplication algorithms use a similar trick to avoid having to use extra storage space.



50Applying this technique to compute p(m;n) up to m = n = N yields the algorithmgiven in �gure 2.8. This algorithm has time complexity O(N4) and is probably ase�cient as possible.33Figure 2.8: Direct algorithm for enumerating partitions of (m;n)calculate P(N; p)p(0; 0) 1p(m;n) 0, (m;n) = (0; 1); (1; 0); : : : ; (N;N)for (m;n) = (0; 1); (1; 0); : : : ; (N;N)for k = m; : : : ; Nfor l = n; : : : ; Np(k; l) p(k; l) + p(k �m; l� n)If we are interested in computing pr(m;n), the number of partitions of (m;n) intoexactly r parts, we could use the recurrence from section 3.2.2rpr(m;n) =Xjk Xs>0 pr�s(m� js; n� ks) ; (2.86)but the following recursive approach due to F.N. David, M.G. Kendall and D.E. Bar-ton [71] is more e�cient.34 The generating function P (q1; q2; t) for bipartite partitionsinto a �xed number of parts given by equation (2.14) satis�es the following identity(1� q1t)P (q1; q2; t) = P (q1; q2; q1t)P (q2; t) ; (2.87)where P (q; t) is the generating function for integer partitions into a �xed number ofparts. Expanding both sides of this identity implies the recurrence relationpr(m;n) = pr(m� r; n) + pr�1(m� 1; n) +Xi=1 Xj=r�i pi(m� i; n� j)pr�i(j) ;(2.88)with i � min(r � 1; m� 1), j � min(n � 1; m+ n � 2i) and p(m;n; 0) = �m0�n0. Thisalgorithm has time complexity O(N5), and is a generalization of equation (2.77). Inthis case, the direct approach is also possible and of the same time complexity.33Actually, it is straightforward to show that this method requires exactly N(N + 1)2(N + 4)=4additions. A similar method for tripartites require N(N + 1)3(N2 + 6N + 12)=8 additions.34Curiously Kim Sneppen [274] when treating the problem in 1987 in a nuclear physics context missedboth methods and developed another method from a combinatorial argument. There may be no limitto the number of possible recurrence relations.



51The above recursive algorithms can be speeded up since if r > n + m=2 thenpr(m;n) = pm�r+2n(2(m + n � r); n). It is simple to extend this result to any vec-tor partition. Since this fact apparently is not in the combinatorial literature, I includea proof.Lemma 2.3.1 Let � 2 �r(m;n) with r > n +m=2. Then �10 > 0.Proof: Let r =Pjk �jk = �+ � + 
 + �01 + �10, where� =Pk>1 �0k ; � =Pk>1 �k0 ; 
 =Pj;k�1 �jk :It is clear we have the following lower bounds on m;n.m = Xjk j�jk � �10 + 2� + 
 ;n = Xjk k�jk � �01 + 2� + 
 :Now by assumption r = � + � + 
 + �10 + �01 > n + m=2, so we have by the lowerbounds on m;n.�+ � + 
 + �10 + �01 > �01 + 2�+ 
 + (�10 + 2� + 
)=2 ;which gives after some manipulation�10 > 2�+ 
 � 0 :2.Remark: If r > m+ n=2 then �01 > 0 by a similar argument.An immediate corollary isCorollary 2.3.1 If r > n+m=2, thenpr(m;n) = pr�1(m� 1; n) : (2.89)Proof: Since every � 2 �r(m;n) has at least one (1; 0) part, we can eliminate exactlyone (1; 0) from every partition �, giving �0 2 �r�1(m�1; n). Clearly this is a bijection,So pr(m;n) = pr�1(m� 1; n). 2.Remark: If r > m+ n=2 then pr(m;n) = pr�1(m;n� 1) by a similar argument.



52Theorem 2.3.1 If r > n +m=2, thenpr(m;n) = pm�r+2n(2(m+ n � r); n) : (2.90)Proof: Apply the above corollary as often as possible, eliminating x (1; 0)s. Then wehave pr(m;n) = pr�x(m� x; n). Since we can no longer apply the corollary, we musthave r � x = n+ (m� x)=2, which has the solutionx = 2(r� n)�m ;So we see that r � x = r � 2(r� n) +m = m� r + 2n ;m� x = m� 2(r� n) +m = 2(m+ n� r) ;which proves the theorem. 2Corollary 2.3.2 If r > max(m+ n=2; n+m=2) thenpr(m;n) = p3(m+n�r)(2(m+ n� r); 2(m+ n� r)) : (2.91)Proof: Apply the theorem once, then apply pr(m;n) = pr(n;m) and use the theorem asecond time.Using the above theorems, about one quarter of the entries can be avoided in theconstruction of a table of all the pr(m;n), a substantial computational savings. Ta-ble 2.13 lists the �rst few entries for p3n(2n; 2n), which appear quite frequently in anexhaustive table (about one sixth of the table).Table 2.13: Number of 3n-partitions of (2n; 2n), f(n) = p3n(2n; 2n) for n = 1(1)12.n 1 2 3 4 5 6 7 8 9 10 11 12f(n) 3 10 27 70 166 382 835 1778 3665 7389 14550 28138The selection of random vector partitions is an obvious modi�cation to the algorithmfor generating random partitions given in Nijenhuis and Wilf [231]. The idea is to buildup the partition iteratively by adjoining clusters. If each term in the identity1 =Xjk 1Xr=1 (j + k)p(m� rj; n� rk)(m+ n)p(m;n) ; (2.92)



53(derived from equation (2.82)) is interpreted as the probability of the event that r copiesof (j; k) were adjoined to a partition of (m� rj; n� rk) to form a partition of of (m;n),we have a natural algorithm for generating random partitions. Start with (m;n) andextract o� r (j; k) clusters with probability as suggested above. Repeat until there areno objects left.It is easy to see that all partitions of (m;n) have equal probabilities of being chosenby this method. Let (m;n) = rXk=1�k(d1k; d2k) ; (2.93)where (d1k; d2k) are distinct bipartites and �k are the multiplicities. This partitionis chosen in Prk=1 �k ways by adjoining s copies of of (d1i; d2i) to (m;n) � s(d1i; d2i).Inductively, each of these latter partitions have equal a priori probability of 1=p(m�sd1i; n� sd2i). The a priori probability of the above partition is thereforerXi=1 �iXs=1 (d1i + d2i)p(m� sd1i; n� sd2i)(m+ n)p(m;n) 1p(m� sd1i; n� sd2i)= 1(m+ n)p(m;n) rXi=1 �iXs=1(d1i + d2i)= 1(m+ n)p(m;n) rXi=1 �i(d1i + d2i) = 1p(m;n) :In summary, we have the following algorithmFigure 2.9: Algorithm for generating random vector partitions � 2 �(m;n); �r(m;n)random partition((m;n);�)�jk = 0, 8j; k(p; q) (m;n)While p+ q > 0Choose (r; j; k) randomly withPr(r; j; k) = (j+k)p(p�rj;q�rk)(p+q)p(p;q)�jk  �jk + r(p; q) (p� rj; q � rk) random r-partition((m;n); r;�)�jk = 0, 8j; k(p; q) (m;n), s rWhile p+ q > 0Choose (d; j; k) randomly withPr(d; j; k) = ps�d(p�dj;q�dk)sps(p;q)�jk  �jk + d(p; q) (p� dj; q � dk)s s� d



54Chapter 3Statistical methods and models for fragmentationThe previous chapter introduced the combinatorial objects and algorithms necessary forthe development of a statistical approach to fragmentation, but postponed discussingthe details of the statistics, which we now address. The statistical approach is in essencea simpli�cation of matters so that the problems are tractable. We assign to each possibleoutcome a probability, preferably with an a priori structure such that the expectedoutcomes are speci�ed by a small number of parameters related to the physics of theprocesses. Alternately a structure with a large number of parameters can be adjusteda posteori to the experimental results. The important idea is to specify the partitionstructure ahead of time so that the e�ect of the parameters on observables is determined.It will become evident that certain structures are more amenable to analysis than others.Fortunately, the structures which are easiest to analyze are the ones motivated by thevarious physical problems. This chapter will introduce the formalism, and then identifysome classes of solvable models. Chapter four explores the properties of one of thesemodels and applying the models to actual physical situations is postponed until chapter�ve.Section 3.1 outlines the methods for solving models, both exact (3.1.1) and MonteCarlo sampling methods (3.1.2). Section 3.2 applies the exact methods to solve someuseful models, including the Gibbs model (3.2.1), the equipartition model (3.2.2), theseparable model (3.2.3) and the interacting Gibbs model (3.2.4).3.1 Statistical methodsConsider a system of identical particles which can form clusters of various sizes, orequivalently a set of states represented by integer partitions according to the discussion



55of section 2.1.1. Statistical models for such systems are simple to introduce. Supposewe have a Hamiltonian which describes the physics, H = H(�;q), where q includes allthe degrees of freedom not associated with partitioning (e.g. the position and velocity ofthe fragments), and � speci�es the partition. Suppose also that the system is coupled toa heat bath at temperature T . Then the statistical weight of a particular con�gurationis given by the Boltzmann weight,1W (�;q) = e�H(�;q)=kBT : (3.1)If we complete the sums over the variables q, we can reformulate the problem in termsof the free energy of the con�guration F (�; V; T ), wheree�F (�;V;T )=kBT = Xq2Q e�H(�;q)=kBT ; (3.2)in other words we can assign the weightW (�) = e�F (�;V;T )=kBT ; (3.3)to each partition. The partition function is given by the sum of the weights over themembers of the ensemble, and it is this function which determines the details of the sta-tistical physics. There are three ensembles we will consider, namely the microcanonical,canonical, and grand canonical ensembles. Microcanonical models have the number ofparticles and the number of clusters conserved2, canonical models have only the numberof particles conserved, and grand canonical models have neither conservation law, in1See Huang [149] for an introduction to statistical physics and an explanation of the origins of theBoltzmann weight.2This is a somewhat misleading name as usually a microcanonical ensemble indicates a conservationof energy. If the energy of a cluster of size j is given by a+ bj, then this is equivalent to conservation ofclusters, and the two de�nitions are equivalent. This is true in the case of polymers, but we will adoptthe terminology that microcanonical means conservation of cluster number unless otherwise stated.



56other words, the partition functions are given by3Z(r)n := X�r(n)W (�) ;Zn := nXr=1Z(r)n ; (3.4)Z := Xn�0Zn :and ensemble averages or expectation values h�i are given byhfi(r)n := 1Z(r)n X�r(n) f(�)W (�) ;hfin := 1Zn X�(n) f(�)W (�) = 1Zn nXr=1Z(r)n hfi(r)n ; (3.5)hfi := 1Z Xn�0 X�(n) f(�)W (�) = 1Z Xn�0Znhfin :Notice that even if we are interested in a particular ensemble, computing partitionfunctions and expectation values for ensembles with stricter conservation laws is stilluseful since they can be used to compute these functions for other ensembles.In principle, we can now compute any expectation value or thermodynamic func-tion for this system. Since the number of partitions grows exponentially with pn(equation (2.4)), it quickly becomes impractical to compute the partition functions andensemble averages directly, so in practice, one either chooses weights which are exactlysolvable by some faster technique (e.g. of polynomial time complexity), or engages instatistical sampling to obtain estimates of particular expectation values. Both of thesemethods are detailed in the next subsections.3.1.1 Exact methodsConsider the following approach, which oftentimes yields a practical method for evalu-ating the partition functions. Without loss of generality we can assume thatW (�) = W 0(�)Yj>0 x�jj ; (3.6)3I'm assuming any chemical potential terms needed to \tune" these ensembles to the correct expec-tation values are already included in the weights. For example, ifW (�) /Qj x�jj , the choice xk = tzjbkallows z to control hni and t to control hrin. See section 3.2.1 for details.



57since xj can be set identically to one and the e�ect of the additional terms is nil. Forthis weight, it is easy to derive formulas for the expectation values of �k in the variousensembles, namely h�ki(r)n = xkZ(r)n @Z(r)n@xk ;h�kin = xkZn @Zn@xk ; (3.7)h�ki = xkZ @Z@xk ;or in general for Qj>0[�j]pj ,*Yk>0[�k]pk+(r)n = 0@Yk>0 xpkk 1A 1Z(r)n @pZ(r)n@xp11 : : : xpnn ;*Yk>0[�k]pk+n = 0@Yk>0 xpkk 1A 1Zn @pZn@xp11 : : : xpnn ; (3.8)*Yk>0[�k]pk+ = 0@Yk>0 xpkk 1A 1Z @pZ@xp11 : : : xpnn ;where p =Pk>0 pk and we de�ne the falling factorial[z]k := 8><>: 1 k = 0 ;z(z � 1) � � �(z � k + 1) k > 0 : (3.9)For the canonical and microcanonical ensembles, the two constraints on � due to theconservation of objects and clusters hold individually for every partition in the ensemble.Therefore, they must also hold for the expectation values, i.e. Pk>0 kh�kin = n andPk>0h�ki(r)n = r, which imply4 nZn = nXk=1 kxk @Zn@xk ; (3.10)rZ(r)n = nXk=1 xk @Z(r)n@xk : (3.11)4There is a third identity, Pk>0 kh�ki(r)n = n, which impliesnZ(r)n = nXk=1 kxk @Zn@xkbut the above two are su�cient for implementing all the needed recurrence relations.



58If the derivatives in the above equations can be reduced to earlier computed partitionfunctions, the above identities imply recursive algorithms for generating the partitionfunctions. Although nothing we have done so far has suggested that this will turn out tobe the case, it is in fact true that several useful weight schemes satisfy this requirement,and are therefore amenable to this kind of analysis. This is the crucial point. If theweight schemes appropriate to the physics did not satisfy this requirement, the modelswould be not be solvable for large values of n. For small values of n, the partitionfunctions could be evaluated by direct enumeration, but this approach rapidly breaksdown since the number of partitions grows exponentially with the square root of n.At larger values of n, the only method generally applicable is Monte Carlo methods,which oftentimes takes tremendous computer resources to attain reasonable accuracy.5Exactly solvable models on the other hand will prove to be physically su�ciently 
exibleand computationally e�cient, a fact we will exploit repeatedly in this work.We can generalize these de�nitions easily to vector partitions of n. For the weightW (�), the partition functions are de�ned byZ(r)n = X�r(n)W (�) ;Zn = nXr=1Z(r)n ; (3.12)Z = Xn�0Zn :and the ensemble averages are given byhfi(r)n = 1Z(r)n X�r(n) f(�)W (�) ;hfin = 1Zn X�(n) f(�)W (�) = 1Zn nXr=1hfi(r)n Z(r)n ; (3.13)hfi = 1Z Xn�0 X�(n) f(�)W (�) = 1Z Xn�0hfinZn :We then specify a weight by W (�) = W 0(�) Yk>0 x�kk : (3.14)5Generally in Monte Carlo, doubling the number of samples only reduces the absolute error by 2�1=2.Halving the error requires four times as much e�ort, and diminishing returns quickly sets in.



59For the various ensembles, it is easy to derive formulas for the expected values of �k,namely h�ki(r)n = xkZ(r)n @Z(r)n@xk :h�kin = xkZn @Zn@xk ; (3.15)h�ki = xkZ @Z@xk ;and our constraints, Pk>0 kh�kin = n and Pk>0h�ki(r)n = r imply two identities,nZn = Xk>0 kxk@Zn@xk ; (3.16)rZ(r)n = Xk>0 xk @Z(r)n@xk : (3.17)Introducing statistical models for objects described by set partitions and permu-tations proceeds along similar lines. For example, consider statistical models of per-mutations. In this case we propose a Hamiltonian H = H(p;q) where q includes alldegrees of freedom not associated with permutations (e.g. translations, rotations), andp speci�es the particular permutation. We then construct the free energy for a clustercon�guration by summing the weight over qW (p) = e�F (p;V;T )=kBT = Xq2Q e�H(p;q)=kBT ; (3.18)and build the partition functions from these weights,Z(r)n = Xp2S(r)n W (p) ;Zn = Xp2SnW (p) ; (3.19)Z = Xn Xp2SnW (p) :Now usually it is the case that the Hamiltonian of a permutation is invariant for allpermutations with the same cycle structure, i.e. H(p) = H(�(p)), in which case thefree energy is the same for all p in the cycle class � and we reduce the problem to thecase of statistical models de�ned on partitions, i.e.Zn = Xp2Sn e�F (p;V;T )=kBT = X�(n)Perm(�)e�F (�;V;T )=kBT : (3.20)



60As a result, many models on permutations and set partitions reduce to models onpartitions, and as such we can usually restrict our attention to various models de�nedover integer and vector partitions.3.1.2 Monte Carlo methodsAs we shall soon see, there are a number of exactly solvable models for weights de�nedon integer and vector partitions. These solutions apply equally well to appropriatepermutation models when the weights are functions only of the cycle structure of thepermutations. However, these models are not always the ones we wish to study, andin the absence of exact methods, we will resort to statistical sampling methods, other-wise known as Monte Carlo methods. Sampling is necessary, since for typical problemsthe size of the space is su�ciently vast that it precludes direct enumeration. For def-initeness, we will restrict our attention to models de�ned over the permutations on nobjects. This is motivated by several factors.� Since permutation models contain integer, vector and set partition models insubsets de�ned by simple projection operators (see section 2.1.2) this method ismore general than a method applied directly to partitions.� In practice it is usually easier to manipulate permutations than integer or vectorpartitions. Additionally the task of projecting onto the partition states often canbe done at low computational cost, sometimes making this method more e�cientthan a direct method.� There is a natural mapping from permutation models onto canonical Gibbs en-semble models (section 3.2.1) which simplify some of the calculations for thisimportant class of models.� A Monte Carlo method which operates directly on partitions can be derived fromthe discussion of Markov processes (section 4.2.1) if one is interested in simulatingmodels only on partitions.



61The basic idea behind Monte Carlo is simple. If one knows the overall probabilitydistribution of states, it is possible to measure expectation values by generating a subsetof states chosen from the distribution and measuring on the subset. If the subset isrepresentative and the measure taken is not pathologically dependent on some particularset of con�gurations, the values obtained should approximate the expectation over thewhole set.Monte Carlo algorithms choose their samples by dynamically changing states ina way that emulates the statistical equilibrium process. The equilibrium conditionof statistical mechanics states that once a system is in equilibrium the probability ofmoving in and out of states should be balanced so that the equilibrium is maintained.Given this \detailed" balance condition, one can sample the equilibrium distributionby only allowing changes in the con�guration which satisfy (statistically) the detailedbalance condition, insuring that the equilibrium distribution will be maintained. Inother words, if u and u0 are two states of the system, and Pr(u) is the equilibriumdistribution, then the transition rate q(u ! u0) of the Monte Carlo simulation mustsatisfy q(u! u0) Pr(u) = q(u0 ! u) Pr(u0) : (3.21)The Metropolis algorithm [220] is the most common of the various Monte Carloalgorithms due to its simplicity. Suppose the system is in a state u, and we considermoving to another state u0 selected in some random fashion from the set of all possiblestates. To be de�nite, suppose the state u0 is selected with probability p(u! u0), withPu0 p(u! u0) = 1. De�ne the \action" function byS(u) := � lnPr(u) ; (3.22)i.e. Pr(u) =: e�S(u). If the move reduces the action (�S < 0) accept the move always.If the move increases the action, accept the move with probability e��S . This leads tothe following transition ratesq(u! u0) = 8><>: p(u! u0) �S < 0 ;p(u! u0)e��S �S � 0 : (3.23)



62This method satis�es detailed balance assuming thatp(u! u0) = p(u0 ! u) ; (3.24)is true for all u, u0. Applying this algorithm repeatedly produces a set of equilib-rium states which can be used to determine any ensemble average by simple sampling.Figure 3.1 details this algorithm.Figure 3.1: Metropolis algorithm for randomly sampling a statistical system.Metropolis Algorithm(u)Select u0 randomly withPr(u; u0) = Pr(u0; u)�S = S(u0)� S(u).If �S � 0u u0If �S > 0Choose q 2 [0; 1] uniformly at randomIf q < e��Su u0There are many ways to achieve the symmetry condition of equation (3.24). Thereare two ways in the context of permutations which are useful and fairly simple to de-scribe and implement, namely by transpositions and shu�es. Consider the permutationp as a vector of numbers, (p1; p2; : : : ; pn), such that under the permutation the numberk goes to pk (k ! pk), i.e. the standard representation. In a transposition, uniformlyat random pick a number k from 1 to n and then transpose pk and pk+1 (p1 if k = n)in the permutation vector, which is equivalent to modifying the permutation such thatk ! pk+1, k + 1 ! pk . This transition is obviously symmetric, and can generate anypermutation in Sn in some �nite number of transpositions6. This transition will in thecycle (or partition) picture either join two cycles together (if the number k+1 is not inthe cycle generated by p acting on k) or split a cycle into two cycles (if the number k+1is in the cycle generated by p acting on k). A possible generalization is to randomly6Possibly as many as �n2�, since this is the inverse of sorting by adjacent transposition, i.e. bubblesort.



63choose two elements in the permutation vector to swap, however tests show that thismethod appears to be no better than the method described above.Alternately, we can consider shu�es as our transitions. In a shu�e, the permutationis transformed to another permutation by shu�ing the numbers in the permutationvector like a deck of cards. This transition is symmetric so long as all states are equallylikely outcomes of the shu�ing procedure, which is easy to arrange. The method usuallyused is for every position in the \deck" of the permutation to be sequentially swappedwith a uniformly at random chosen element beneath that \card" in the \deck" order.This method has the advantage that it is possible to move in one step from one elementto any other element in the set. Notice that this transition in the cycle picture willconvert one partition into another partition with no relation between the two states.The motivation for shu�es which are computationally more costly to implement thantranspositions is given by the case in which the action over the permutation space hasmany local minima. In this case, the action of a transposition on the permutationmay keep the permutation \close" to a particular local minimum for a large numberof transitions, suggesting that the actual equilibrium con�guration has been reached.That conclusion would lead to incorrect results. So to avoid that result, a comparisonof the local move simulation should be made with a simulation employing global movesas a check.3.2 Exactly solvable statistical modelsAlthough the proceeding section illustrates how to proceed in general to \solve" agiven statistical clustering or fragmenting system, we are motivated for various reasonsto reject the Monte Carlo method when other methods are available, such as exactsolutions. This section outlines several nontrivial models which can be solved exactly byanalytical techniques. Speci�cally, four models will be introduced, namely the Gibbs,equipartition, separable and interacting Gibbs models. The Gibbs and equipartitionmodels are suggested by models in physics and mathematics, and are special cases ofseparable models. The distinction is useful since these two models are somewhat simplerto treat than the general case. Interacting Gibbs models are a generalization of the



64Table 3.1: Recursion relations for canonical model partition functions.W (�) ZnQj>0 x�jj�j! nZn =Pj>0 jxjZn�jQj>0 x�jj nZn =Pj>0Ps�1 jxsjZn�jsQj>0 x�jj�j! Qk>0 y�j(�k��jk)=2jk nZn =Pj>0 jxjZn�j(xk ! xkyjk)Gibbs model which includes a cluster interaction term. The solution for the interactingGibbs model is usually much more di�cult to implement than the noninteracting cases,but can be accomplished in some interesting special cases. Table 3.1 summarizes someof the recursive solutions which will be derived in the following subsections.3.2.1 Gibbs modelsTo motivate the Gibbs model, consider the following simple picture (unrigorous, but willbe made rigorous later when we introduce Markov process models (section 4.2.1)). Letthe (indistinguishable) objects initially be unclustered, and form a particular partitionby taking groups of individual objects and clustering them. Suppose the probability offorming a j-cluster is proportional to xj . If these probabilities are independent (whichthey are not) then the weightW (�) / Qj x�jj . However, in forming �j j-clusters, thereis an overcounting since the clusters are indistinguishable. As in the case of the idealgas, we modify the weight by 1=�j ! to correct for the indistinguishability of the clusters,a rule which is also known as \correct Boltzmann counting."7 The weight for a partitionis therefore given by W (�;x) = Yj>0 x�jj�j ! ; (3.25)where x is a vector of parameters. We denote these models Gibbs models8, and as weshall soon see they have some very nice properties.7Huang [149], pg. 141. The quotation marks are used in Huang, probably to indicate that the ruleis not due to Boltzmann.8The 1/n! correction to the partition function is originally due to Gibbs and therefore my choice ofnomenclature.



65The grand canonical partition function for this weight can be determined explicitly,Z(x) = Xn�0 X�(n)Yj>0 x�jj�j ! = X�1�0 x�11�1! X�2�0 x�22�2! � � �= exp8<:Xj>0xj9=; : (3.26)from which the �rst derivative is given by@Z@xk = Z(x) ; (3.27)Setting xk = tzkbk allows the derivatives for the canonical and microcanonical partitionfunctions to be extracted from the above identity (since then Z = Pn�0 znZn(tb) =Pn�0Pr zntrZ(r)n (b)), or alternately we can compute them directly,@Z(r)n@xk = X�r(n) x�k�1k(�k � 1)! Yj 6=k x�jj�j ! = Z(r�1)n�k (x) ; (3.28)@Zn@xk = X�(n) x�k�1k(�k � 1)! Yj 6=k x�jj�j ! = Zn�k(x) ; (3.29)where it is understood that Zn(x) = 0 for n < 0, Z(r)n (x) = 0 for r > n or n; r < 0.Applying these identities repeatedly obtains the generalization:@pZ(r)n@xp11 � � �@xpnn = Z(r�p)n�Pk>0 kpk(x) ;@pZn@xp11 � � �@xpnn = Zn�Pk>0 kpk(x) ; (3.30)@pZ@xp11 � � �@xpnn = Z(x) ;where p =Pk>0 pk.Equations (3.29) and (3.10), (3.10) allow the determination of the following recursionrelations for the canonical and microcanonical ensembles,nZn(x) = nXk=1 kxkZn�k(x) ; (3.31)rZ(r)n (x) = n�r+1Xk=1 xkZ(r�1)n�k (x) : (3.32)These recursions bottom out at Z0(x) = 1 and Z(1)n (x) = xn, respectively, so theserelations can be used to generate all the partition functions iteratively in polynomial



66time complexity. For example, computing Zn requires Pnk=1(n � k) = �n2� additionsand a similar number of multiplications. Alternately, the canonical recursion relationcould have been derived by exploiting the fact that Zn and kxk are symmetric functions(section 2.2.2) by comparing equations (2.65) and (3.25) and applying equation (2.61)The above derivatives allows us to compute the expectation values of �k , or ingeneral any expectation value.h�ki(r)n = xkZ(r�1)n�k (x)Zn(x) ;h�kin = xkZn�k(x)Zn(x) ; (3.33)h�ki = xk :Specializing to microcanonical partition functions for a moment, if r is near n, wecan compute the microcanonical partition functions exactly in a small number of termssince there are only a small number of partitions with a large number of parts9, namely:Z(n)n = xn1n! ;Z(n�1)n = xn�21 x2(n� 2)! ;Z(n�2)n = xn�31 x3(n� 3)! + xn�41 x222(n� 4)! ; (3.34)Z(n�3)n = xn�41 x4(n� 4)! + xn�51 x2x3(n� 5)! + xn�61 x326(n� 6)! ;Z(n�4)n = xn�51 x5(n� 5)! + xn�61(n� 6)!  x2x4 + x232 !+ xn�71 x22x32(n� 7)! + xn�81 x4224(n� 8)! ;Z(n�5)n = xn�61 x6(n� 6)! + xn�71 (x2x5 + x3x4)(n� 7)! + xn�81 (x22x4 + x2x23)2(n� 8)!+xn�91 x3x326(n� 9)! + xn�101 x52120(n� 10)! :9Originally, I derived these �rst few relations from the canonical recurrence relation while exploringthe high temperature properties of this model. Clearly if xk = tbk, then Zn =Pr trZ(r)n . However, inthis case I noticed Z(n�k)n appeared to be simple for k small. So I worked out the �rst few examplescompletely from the canonical recurrence relation, a quite tedious exercise in algebra. Only later did Irealize the by setting xk = tbk I was breaking the integer partitions into groups speci�ed by the totalnumber of parts, i.e. integer r-partitions, and that the simplicity of the results was a re
ection on thepaucity of partitions with a large number of parts. This is a good example of how a little combinatorialknowledge saves a great amount of computations.



67In general Z(n�k)n (x) depends only on x1; : : : ; xk+1 for k < n=2.10These microcanonical partition functions are useful in computing high temperatureexpansions of some canonical models as we now show. Suppose xk = tbk, then Zn(t) =Pr Z(r)n (b)tr, since Qk t�k = tr where r = Pk �k . If t is large, then this expression isdominated by the microcanonical partition functions listed above. For example, we canexpand lnZn in inverse powers of t with the aid of the above expressions, i.e.lnZn = lnZ(n)n + n ln t+1t Z(n�1)nZ(n)n + 12t2  2Z(n�2)nZ(n)n � (Z(n�1)n )2(Z(n)n )2 !+ 13t3  3Z(n�3)nZ(n)n � 3Z(n�2)n Z(n�1)n(Z(n)n )2 + (Z(n�1)n )3(Z(n)n )3 !+ : : : : (3.35)Similarly, if t is small, we can expand in terms of Z(r)n where r is small.lnZn = lnZ(1)n + ln t+tZ(2)nZ(1)n + t22  2Z(3)nZ(1)n � (Z(2)n )2(Z(1)n )2!+ t33  3Z(4)nZ(1)n � 3Z(3)n Z(2)n(Z(1)n )2 + (Z(2)n )3(Z(1)n )3!+ : : : : (3.36)A consequence of these expansions is a simpli�ed approach to the virial expansion ofnon-ideal gases (section 5.1).Generalizing these results to vector partitions is relatively uncomplicated. Supposethere are n = Psk=1 nk objects, nk of type k, for a total of s-components (nk > 0; 8k).Assume the weight for the cluster con�guration is given byW (�;x) = Yk1:::ks x�kk�k! ; (3.37)where x is a parameter vector. Partial derivatives of the partition functions are thengiven by @Z(r)n@xk = Z(r�1)n�k (x) ;@Zn@xk = Zn�k(x) ; (3.38)@Z@xk = Z(x) ;10An interesting application of these formulas is to determine exact expressions for the Stirling num-bers, Lah numbers, and C-numbers, see section 4.1.2 for details.



68The grand canonical partition function for these partition functions is given by theclosed form expression Z(x) = exp8<: Xk1:::ks xk9=; : (3.39)The canonical and microcanonical partition functions are determined by the recursionrelations, nZn(x) = Xk1:::ks kxkZn�k(x) ; (3.40)rZ(r)n (x) = Xk1:::ks xkZ(r�1)n�k (x) ; (3.41)with Z0 = 1, Z(1)n = xn.3.2.2 Equipartition modelsConsider now a set of models which do not suppress phase space by 1=�k! factors.These models are called equipartition models, since for the choice of x = (1; 1; : : :),they reduce to a model of fragmentation in which every partition is equally likely.11Although these models are not well motivated by many examples in physics, they areuseful in the general study of partitions. For example, one can use the results here forthe choice xk = 1, k = 1; : : : ; n to determine the values for p(n), pr(n), independent ofthe recurrence relations mentioned in section 2.3.1.Suppose the weight for a partition is given byW (�;x) = Yj>0 x�jj : (3.42)The grand canonical partition function is therefore given byZ(x) = Xn�0Zn(x) = Xn�0 X�(n)Yj>0x�jj = X�1�0 x�11 X�2�0x�22 � � �= Yj>0 11� xj ; (3.43)11Such a model is analyzed in section 5.6.



69The partition functions, de�ned in the usual way, therefore have the following deriva-tives (using the xk = tzkbk trick):@Z(r)n@xk = Xi�1 xi�1k Z(r�i)n�ik (x) ;@Zn@xk = Xi�1 xi�1k Zn�ik(x) ; (3.44)@Z@xk = 11� xkZ(x) ;or in general for the grand canonical partition function@pZ@xp11 : : :@xpnn = 0@Yj>0 pj !(1� xj)pj1AZ(x) : (3.45)The microcanonical and canonical partition functions can now be determined byrecursion relations12, namelynZn(x) = nXk=1 kXi�1 xikZn�ik(x) ; (3.46)rZ(r)n (x) = n�r+1Xk=1 Xi�1 xikZ(r�i)n�ik (x) ; (3.47)where Z0(x) = 1, Z(1)n (x) = xn. Determining expectation values of �k in the variousensembles is now possible, for exampleh�ki(r)n = Xi�1 xikZ(r�i)n�ik (x)Z(r)n (x) ;h�kin = Xi�1 xikZn�ik(x)Zn(x) ; (3.48)h�ki = xk1� xk :As in the Gibbs model, if r is near n, the microcanonical partition functions can be12The direct algorithm discussed in section 2.3.2 for computing p(m;n) and pr(m;n) can also beapplied to computing the canonical and microcanonical partition functions in these models. As before,this method is more e�cient than applying the constraint recursion relations.



70computed exactly in a small number of terms, namely:Z(n)n = xn1 ;Z(n�1)n = xn�21 x2 ;Z(n�2)n = xn�31 x3 + xn�41 x22 ;Z(n�3)n = xn�41 x4 + xn�51 x2x3 + xn�61 x32 ; (3.49)Z(n�4)n = xn�51 x5 + xn�61 (x23 + x2x4) + xn�71 x22x3 + xn�81 x42 ;Z(n�5)n = xn�61 x6 + xn�71 (x5x2 + x4x3)+xn�81 (x4x22 + x23x2) + xn�91 x3x32 + xn�101 x52 :In fact, Z(n�k)n (x) = xn1Zk(x2=x21; x3=x31; : : :) for k < n=2.Generalizing these results to vector partitions proceeds as expected. Suppose thatthe weight for a con�guration is given byW (�;x) = Yk1:::ks x�kk : (3.50)The derivatives are given by@Z(r)n@xk = Xi�1 xi�1k Z(r�i)n�ik (x) ;@Zn@xk = Xi�1 xi�1k Zn�ik(x) ; (3.51)@Z@xk = 11� xkZ(x) ;or in general for the grand canonical partition function@pZ@xp10:::010:::0 : : : @xpn1:::nsn1:::ns =  Yk pk!(1� xk)pk!Z(x) : (3.52)The grand canonical partition function is explicitly given byZ(x) = Yk1:::ks 11� xk ; (3.53)and the microcanonical and canonical partition functions are given by the recursionrelations nZn(x) = Xk1:::ks kXi�1 xikZn�ik(x) ; (3.54)rZ(r)n (x) = Xk1:::ksXi�1 xikZ(r�i)n�ik (x) ; (3.55)



71where Z00:::00 = 1, Zn(x) = xn.3.2.3 Separable modelsGibbs and equipartition models are special cases of a class of models I refer to asseparable models, since the weights separate into products over functions of �j . Thedevelopment is essentially an elaboration of the equipartition case, Suppose the weightfor a partition is given by W (�;x; f) = Yj>0 fj(�j)x�jj : (3.56)Let us de�ne generating functions derived from the functions fj(n), namelyFj(x) := Xn�0 fj(n)xn ; (3.57)Gj(x) := @@x lnFj(x) = Xn�0 gj(n)xn : (3.58)The grand canonical partition function is then given explicitly byZ(x; f) = Yj>0Fj(xj) ; (3.59)and its derivatives are given by @Z@xk = Gk(xk)Z(x; f) : (3.60)From this identity we compute the partial derivatives of the canonical and micro-canonical partition functions.@Z(r)n@xk = Xi�1 gk(i� 1)xi�1k Z(r�i)n�ik (x; f) ; (3.61)@Zn@xk = Xi�1 gk(i� 1)xi�1k Zn�ik(x; f) ; (3.62)which imply the microcanonical and canonical partition functions are given by therecurrence relationsnZn(x; f) = nXk=1 kXi�1 gk(i� 1)xikZn�ik(x; f) ; (3.63)rZ(r)n (x; f) = n�r+1Xk=1 Xi�1 gk(i� 1)xikZ(r�i)n�ik (x; f) ; (3.64)



72where Z0(x; f) = 1, Z(1)n (x; f) = fn(1)xn.This gives us formulas for various expectation values of �k, for exampleh�ki(r)n = Xi�1 gk(i� 1)xikZ(r�i)n�ik (x; f)Z(r)n (x; f) ;h�kin = Xi�1 gk(i� 1)xikZn�ik(x; f)Zn(x; f) ; (3.65)h�ki = xkGk(xk) :For the microcanonical partition functions, if r is near n, we can compute thesefunctions exactly in a small number of terms,Z(n)n = f1(n)xn1 ;Z(n�1)n = f2(1)x2f1(n� 2)xn�21 ;Z(n�2)n = f3(1)x3f1(n� 3)xn�31 + f2(2)x22f1(n� 4)xn�41 ; (3.66)Z(n�3)n = f4(1)x4f1(n� 4)xn�41 + f3(1)x3f2(1)x2f1(n � 5)xn�51+f2(3)x32f1(n� 6)xn�61 ;Z(n�4)n = f5(1)x5f1(n� 5)xn�51 + f3(2)x23f1(n� 6)xn�61+f4(1)x4f2(1)x2f1(n� 6)xn�61 + f3(1)x3f2(2)x22f1(n� 7)xn�71+f2(4)x42f1(n� 8)xn�81 :The vector partition case is an obvious generalization of the integer partition casejust developed.3.2.4 Interacting Gibbs modelsIn this section, we introduce a two-body interaction term to the Gibbs model alreadyconsidered. Interaction terms can be added to the equipartition and separable modelsas well, but they are more di�cult to analyze. The motivation of the terminology comesfrom the following example. Suppose the free energy de�ned over permutations is givenby F (p; V; T ) = Xk>0 �k(p)Fk(V; T ) + 12 Xj;k>0 �j(p)(�k(p)� �jk)F ijk(V; T ) : (3.67)



73The second term in this free energy can be thought of as an interaction energy due toclusters of size j interacting with clusters of size k (the delta function introduced toexclude self-interaction terms). This free energy induces the integer partition weightgiven by W (�;x; Y ) = Yj>0 x�jj�j ! Yk>0 y�j(�k��jk)=2jk ; (3.68)where x is a parameter vector, and Y = (yjk)1�j;k�n is a parameter matrix character-izing an interaction between clusters. It will be assumed that this matrix is symmetric,i.e. yjk = ykj , for if it isn't, it can be symmetrized without changing the physics.As in the non-interacting case, we proceed by computing the partial derivatives ofthe partition function.@Z(r)n@xk = X�r(n) x�k�1k(�k � 1)! 0@Yj 6=k x�jj�j !1AYij y�i(�j��ij)=2ij= X�r(n) x�k�1k(�k � 1)!y(�k�1)(�k�2)=2+(�k�1)kk�Yj 6=k x�jj�j ! y(�k�1)�j+�jjk Yi 6=k y�i(�j��ij)=2ij= X�r(n) (xkykk)�k�1(�k � 1)! y(�k�1)(�k�2)=2kk�Yj 6=k (xjyjk)�j�j ! y�j(�k�1)jk Yi 6=k y�i(�j��ij)=2ij= Z(r�1)n�k (xj ! xjyjk; Y ) ;@Zn@xk = Zn�k(xj ! xjyjk ; Y ) ; (3.69)@Z@xk = Z(xj ! xjyjk ; Y ) ;and in general@pZ(r)n@xp11 : : : xpnn = 0@Yjk ypj(pk��jk)=2jk 1AZ(r�p)n�Pk>0 kpk(xj ! xj Yk>0 ypkjk ; Y ) ;@pZn@xp11 : : : xpnn = 0@Yjk ypj(pk��jk)=2jk 1AZn�Pk>0 kpk(xj ! xj Yk>0 ypkjk ; Y ) ; (3.70)@pZ@xp11 : : : xpnn = 0@Yjk ypj(pk��jk)=2jk 1AZ(xj ! xj Yk>0 ypkjk ; Y ) :



74It is interesting that the interaction terms seems to induces a \scaling" transforma-tion of the parameters x when the partition function is di�erentiated, at least when theexpressions are compared to the ordinary Gibbs model. The operator @@xk when appliedto the canonical system of n objects, could be interpreted as destroying k objects13 andrescaling the primary parameter vector by interactions with k sized objects. Anotherquirk of the model is the identity12xjxk @2Zn@xj@xk = yjk @Zn@yjk ; (3.71)or more generally 12p nYk=1 xpkk @2pZn@xp11 � � �@xpnn = nYj;k=1 ypjkjk @pZn@yp1111 � � �@ypnnnn ; (3.72)where p =Pjk pjk , pk =Pj pjk + pkj . These identities are useful in some calculations,and indicate the extent to which the interactions and the parameters are closely relatedin the partition functions.Unlike the Gibbs model, we cannot construct the grand canonical partition functionexplicitly, however we can derive recursion relations for the canonical and microcanon-ical partition functions which are of some utilityrZr(x; Y ) = Xk>0 xkZ(r�1)n�k (xj ! xjyjk; Y ) ; (3.73)nZn(x; Y ) = Xk>0 kxkZn�k(xj ! xjyjk ; Y ) ; (3.74)where Z0(x; Y ) = 1, Z(1)n (X; Y ) = xn anchor the recursions. Working in a symbolicmath system such as MathematicaTM allows these recursions to be brought to bear fora particular choice of parameters.In practice, the only interacting Gibbs model of utility is speci�ed by yjk = y, a con-stant, since then the weight reduces to a Gibbs weight times yr(r�1)=2. A microcanonicaldecomposition of the canonical case allows us to quickly compute the partition functionsand related expectation values. Without this simpli�cation, the recursion relations forthis model become hopeless since the number of terms in the partition function grows13The ordinary Gibbs model has this property as well, and it is fully explored in section 4.1.1.



75exponentially and each term must be maintained to implement the \scaling" transfor-mations in the recursions. The recursion relations can be useful in computing smallcases, however, and possibly in computing the e�ects of a weak interaction.As in the other models, the microcanonical partition functions for n near r can bedetermined in a small number of terms, for exampleZ(n)n = xn1yn(n�1)=211n! ;Z(n�1)n = (x1y(n�3)=211 y12)n�2x2(n� 2)! ;Z(n�2)n = (x1y(n�4)=211 y13)n�3x3(n� 3)! + (x1y(n�5)=211 y212)n�4x22y222(n� 4)! ; (3.75)Z(n�3)n = (x1y(n�5)=211 y14)n�4x4(n� 4)! + (x1y(n�6)=211 y12y13)n�5x2x3y23(n� 5)!+(x1y(n�7)=211 y312)n�6x32y3226(n� 6)! ;Z(n�4)n = (x1y(n�6)=211 y15)n�5x4(n� 5)!+(x1y(n�7)=211 )n�6(n� 6)!  x23y33y2(n�6)132 + x2x4y24(y12y14)n�6!+(x1y(n�8)=211 y212y13)n�7x22x3y22y2232(n� 7)! + (x1y(n�9)=211 y412)n�8x42y62224(n� 8)! :Generalizing this model to vector partitions is an uncomplicated elaboration (thankfullyomitted) on the above procedure.



76Chapter 4The canonical Gibbs fragmentation modelOf the exactly solvable models introduced in the previous chapter, the Gibbs modelis both the simplest and the most useful. It is the natural model in the context ofequipartitioning of set partitions or permutations as can be seen from the Cauchynumbers of section 2.1.2. It is also the natural model for the statistical physics ofindistinguishable particles because of its inclusion of the Gibbs factor, Qj 1=�j !. Assuch, a detailed investigation of its properties, especially under the canonical ensemble,is warranted.This chapter discusses properties of the Gibbs model which are both mathematically(section 4.1) and physically (sections 4.2, 4.3) interesting, although the distinction issomewhat arbitrary as they are all mathematical properties, some just more physicallyrelevant than others. Among the mathematical properties, section 4.1.1 explores thecurious fact that the canonical Gibbs model partition functions are a representation ofthe eigenstates of a bosonic creation-annihilation algebra. Although of little practicalutility, this fact establishes a conceptual framework for thinking about the model, andgives an operator-theoretic method of constructing the partition functions. On theother hand section 4.1.2 which outlines a number of closed-form and alternate recurrencerelations for these models is of great utility. Many of these special cases are of historicalsigni�cance, and all can be used to expedite computations. Section 4.1.3 explores thevarious identities connecting vector and integer partition sums. These identities reducecertain vector partition sums to integer partition sums, a process which speeds theircomputation immensely. Section 4.1.4 de�nes the informational entropy of the Gibbsmodel, which is a measure of the diversity of clustering patterns. Its maximum pointis of clear interest as it speci�es the point where the patterns are most unpredictable.



77Physical (or less mathematical) properties are equally helpful and are explored insection 4.2. Section 4.2.1 introduces a simple Markov process which has the canonicalGibbs model as its equilibrium distribution. This Markov process serves both as apossible microscopic picture of the dynamics of the Gibbs model, and as a physicalprocess motivating the equilibrium distribution in real-world systems. Section 4.2.2investigates the distribution of cluster sizes (the \mass yield") of the Gibbs modelfor various parameter vectors of the form xk = xbk, which are representative of theparameters of interest in many physical situations. Section 4.2.3 opines brie
y on theorigins of the Gibbs model and why it applies to so many di�erent physical problems.Section 4.3 attempts to specify under what conditions a phase transition occurs in afragmenting system, de�ned in such a way as to be independent of the thermodynamicconsiderations, which often are absent from the models. From this point of view,several (but not all) of the critical exponents of transition can be related simply to theclustering properties of the models around the point where large clusters disappear.Speci�cally the reduced moments (4.3.1) are introduced to characterize such a phasetransition. In the Gibbs models however, the variance of the multiplicity and higher-order multiplicity 
uctuations (4.3.2) also indicate the location and behavior of thephase transition and this is explored in depth, which improves our understanding ofphase transitions in these models and allows a comparison of the canonical Gibbs modelto the microcanonical and grand canonical Gibbs models. The connection of this phasetransition to the location of the zeros of the partition functions in the complex plane(4.3.3) is also considered.4.1 Mathematical properties of the Gibbs modelThe purpose of this section is to explore some of the purely mathematical propertiesof the Gibbs models which permit either additional insight or better algorithms for theevaluation of particular partition functions. The creation-annihilation algebra (4.1.1)implicit in the Gibbs model provides some such insight into the nature of its partitionfunctions, and also provides a computational algorithm for their evaluation, although itis impractical in general. The existence of closed-form solutions and alternate recursive



78techniques (4.1.2) on the other hand provides tremendously improved algorithms forthe evaluation of certain partition functions. Similarly, vector partition invariants helprelate particular vector partition models to integer partition models, which vastly sim-pli�es their computation. Alas, none of these algorithms can be applied generally, andso we can expect that for most models we are restricted to the simple (but e�ective)techniques of section 3.2.1.4.1.1 Creation-Annihilation algebrasOne of the most widely applied models in physics is the quantum harmonic oscilla-tor, speci�ed by the Hamiltonian Ĥ = �12 @2@x2 + 12x2, where x is the position of theparticle moving in a potential �eld V (x) = 12x2.1 The eigenstates  n determined byĤ n = En n can be constructed by a creation-annihilation algebra, and in the stan-dard Schr�odinger representation, these eigenfunctions are essentially Hermite polyno-mials times an exponential decay factor. Speci�cally, the Hamiltonian can be rewrittenas Ĥ = âyâ + 12 , where ây; â are creation and annihilation operators, ây n /  n+1,â n /  n�1. But the harmonic oscillator wavefunctions or equivalently their creation-annihilation algebra can have many possible representations, and in fact as shall soon beshown the canonical Gibbs ensemble partition functions is one possible representationof this algebra.Consider the behavior of the canonical Gibbs partition functions Zn(x) under dif-ferentiation. Equation (3.29) suggests that @@xk takes a Gibbs system with n objects,destroys k objects, returning a Gibbs system with n�k objects. Considering the parti-tion functions as forming a set of eigenstates of some (yet to be determined) operator,@@x1 \lowers" the eigenstate Zn(x) to Zn�1(x). So we can de�ne a lowering operator L̂as follows. L̂ := @@x1 ; (4.1)1I'm assuming the reader is familiar with the quantum mechanical harmonic oscillator. If not, a quickglance at any introductory quantum mechanics book should answer any questions, e.g. Libo� [189].



79since L̂Zn(x) = @Zn@x1 = Zn�1(x) : (4.2)Similarly we can de�ne a creation operator which \raises" the partition functionZn(x) to Zn+1(x). Indeed, consider the di�erential operator R̂ de�ned byR̂ := x1 +Xk>1 kxk @@xk�1 : (4.3)This operator raises canonical Gibbs partition functions as seen by the following com-putation: R̂Zn(x) = 0@x1 +Xk>1 kxk @@xk�11AZn(x)= x1Zn(x) + n+1Xk=2 kxkZn+1�k(x)= n+1Xk=1 kxkZn+1�k(x) = (n + 1)Zn+1(x) ; (4.4)where we have used equations (3.31) and (3.29). So we could use R̂ to produce thepartition functions. However, this method quickly becomes cumbersome as the exactform of the partition function (with p(n) terms) must be maintained to apply the op-erator. Interestingly, this method was anticipated in symmetric function theory, wheredi�erential operators called Hammond operators were used by some mathematicians togenerate tables of symmetric functions [201]2Computation of the commutator of these two operators reveals that the algebrainduced by the operators is equivalent to the algebra for a system of bosons. Speci�cally,L̂R̂Zn(x) = (n+ 1)Zn(x) ; (4.5)R̂L̂Zn(x) = nZn(x) ; (4.6)2The Hammond operator [137,138] given byD1 = e1 +Xk>0 ek @@ek+1de�nes a lowering operator on kn, i.e. D1kn = kn�1. Realizing that in terms of symmetric functions,Z $ k, kxk $ sk, we can reexpress L̂; R̂ in terms of symmetric functions also, i.e. L̂ = @=@s1,R̂ = s1 +Pk>1(k � 1)sk @@sk�1 .



80or in other words, on the space of functions spanned by the canonical Gibbs partitionfunctions, [L̂; R̂] = 1 ; (4.7)which is the commutation relation for creation and annihilation operators of bosons.Quantum mechanically speaking, the partition functions form a set of eigenfunctions(unnormalized) of the Hamiltonian operator Ĥ = R̂L̂, which are a representation ofa system of bosons. We can even interpret L̂, R̂ in terms of position and momentumoperators. These functions span a subspace of symmetric functions, since the canonicalGibbs partition functions are themselves symmetric functions (see section 2.2.2). Inthis case, the vacuum Z0(x) corresponds to a system with no particles. Higher energyeigenfunctions correspond to statistical systems with a particular number of particles.These operators can be simply generalized to vector Gibbs systems. For example,in a bipartite system, two creation and two annihilation operators would su�ce togenerate the set of canonical partition functions. Representing a creation-annihilationalgebra using equipartition partition functions (for example) is also possible, but theform of the operators is much more complicated than in the Gibbs case. Indeed, thefact that a creation-annihilation algebra can be inferred from the partition functions isnot especially noteworthy. Any set of canonical partition functions represents such analgebra. The interesting aspect is that the operators are both convenient and compact,and therefore can be used as an operator-theoretic method of generating partitionfunctions.4.1.2 Closed-form solutions and alternate recursive methodsThe canonical Gibbs partition functions can be generally computed by recursive meth-ods as explained in section 3.2.1, or by the operator-theoretic method of section 4.1.1,but for some parameter vectors there are either closed-form solutions or simpler re-cursive or operative methods. These can be useful in extending the range over whichthe partition functions can practically be computed. Additionally, the existence ofsimpler methods is a good indication of interesting properties underlying the choice of



81parameter vector. This is particularly true of the examples presented here.Historically, many of these special cases arose mostly from combinatorial identitiesdiscovered in symmetric function theory. Percy A. MacMahon's work in this respectis particularly relevant, and the �rst few examples here are from [201]. Nathan J.Fine [103,104], also has derived a number of interesting partition identities in his workon hypergeometric functions, but they do not seem particularly relevant to physics.3We begin by simply stating some well-known partition identities. The followingthree partition identities with one free parameter t were known to nineteenth centurymathematicians Xr X�r(n)Yj>0 t�j�j ! = Xr trn! "n!r! n� 1r � 1!# = tnL(1)n�1(�t) ; (4.8)Xr X�r(n)Yj>0 1�j ! � tj��j = Xr trn!"nr# =  t + n � 1n ! ; (4.9)Xr X�r(n)Yj>0 1�j ! � tj!��j = Xr trn!(nr) = 1n!Bn(t) ; (4.10)where L(1)n (t) is the 1st associated Laguerre polynomial4 and Bn(t) is the nth Bellpolynomial.5 In all likelihood Augustin Cauchy discovered the second of these identities(the case xk = 1=k), although the generalized form above is due to James J. Sylvester(according to MacMahon [201]) and C.G.J. Jacobi in 1841 [77].We also have the following partition identities with two free parameters t; q due to3Fine's work on partition identities is reviewed in section 5.5 of Combinatorial identities by JohnRiordan [256], a book usually easier to �nd than the original work.4The numbers L(n; r) = n!r! �n�1r�1� which appear in the series expansion of the 1st associated Laguerrepolynomial are also known as the Lah numbers, and appear when computing rising factorials in termsof falling factorials, i.e. (t)n =Pr L(n; r)[t]r.5All three of these identities generate numbers which are special cases of the C-numbers, de�ned byC(n; r; s) = n! X�r(n)Yj>0 1�j!�sj��ji.e. C(n; r;�1) = (�1)nL(n; r), lims!0 s�rC(n; r; s) = (�1)n�k�nr�, lims!1 s�nC(n; r; s) = �nr	.These numbers satisfy the recurrence C(n + 1; r + 1; s) = (sr � n)C(n; r; s) + sC(n; r � 1; s) and havemany other interesting properties, see Charalambides and Singh [57].



82P.A. MacMahon [201], Y. Voloshin and I. Tomescu [304,296], and R. Keener, E. Roth-man and N. Starr [163], as well as one I have been unable to attribute, but have veri�ed. t + n � 1n !q = X�(n)Yj>0 1�j !  1� qjtj(1� qj)!�j ; (4.11) tqn! = Xr q!(q � r)! X�r(n)Yj>0 1�j ! tj!�j ; (4.12) tq + n � 1n ! = Xr q!(q � r)! X�(n)Yj>0 1�j ! t+ j � 1j !�j ; (4.13)tt+ nq t+ nqn ! = X�(n)Yj>0 1�j !  tqj qjj !!�j ; (4.14)where �nk�q is the Gaussian q-polynomial, or q-binomial coe�cient6 MacMahon's identityhas several non-trivial limits. Cayley's identity [53] (i.e. equation (2.51)) is obtainedby taking t!1, and Sylvester's identity is the limit q ! 1.The Keener-Rothman-Starr identity also has several non-trivial limits. Suppose wehave q states occupied by n objects, with �k the occupancy of the kth state. Themultinomial distribution is then de�ned byPr(�) =  n+ qt� 1n !�1 qYk=1 t+ �i � 1nui ! (4.15)De�ne the structure of � by �1; : : : where �k is the number of states occupied by kobjects. Then clearly by a counting argument we havePr(�) =  q�1; : : : ; �n!0@ n + qt� 1n !�1 Yk>0 t + k � 1k !�k1A (4.16)since the rightmost part is the probability of getting a state �1; : : : ; �q with structure�1; : : :�n and the left part is the number of such states with that structure. Thisequation is simply the KRS identity rewritten. If t = 1, the distribution induced istherefore Bose-Einstein as all states � are equiprobable and equal to �q+n�1n ��1. If t!6The Gaussian q-binomial coe�cient is de�ned as�nk�q = (q)n(q)k(q)n�k ;where (q)n = (1 � q)(1 � q2) � � � (1 � qn). Clearly in the limit q ! 1, the coe�cient becomes anordinary binomial coe�cient, which explains the nomenclature. See Andrews [11], chapter 3 for a briefintroduction to Gaussian polynomials, and Andrews [12] for general results on q-series.



831, the Maxwell-Boltzmann distribution is obtained since the state � has probability2�nn!=Qk �k !. And if qt ! � as q ! 1, t ! 0, then the distribution converges toEwens' sampling formula (section 5.4).These identities clearly imply closed-form Gibbs models. For example, from equa-tions (4.8), (4.9), (4.10) we can derive the following three partition function identitiesZn(xk = x) = xnL1n�1(�x) = 1n! nXr=1 n!k! n � 1r � 1!xr ; (4.17)Zn(xk = x=k) =  x + n� 1n ! = 1n! nXr=1"nr#xr ; (4.18)Zn(xk = x=k!) = 1n!Bn(x) = 1n! nXr=1(nr)xr : (4.19)Because of their closed-form solutions, these three models have been analyzed thor-oughly in the physics literature as possible models of nuclear fragmentation. TheGibbs model with xk = x=k was introduced by A.Z. Mekjian [215] and analyzed ex-tensively in the context of nuclear fragmentation in a series of paper by him and S.J.Lee [214,217,216,184,183]. Additionally, it appears in population genetics as Warren J.Ewens' sampling formula [92,93] for the distribution of alleles. The Gibbs model withxk = x, often called the chain model in nuclear physics, was introduced and analyzed byD.H.E. Gross et al. [125,126,152] as a model for fragmentation. Finally, the Gibbs modelwith xk = x=k! was introduced by A.R. DeAngelis and A.Z. Mekjian [72] (for x = 1)and was further analyzed for any x by K.C. Chase and Mekjian [59]. All three of thesemodels also appear in Reversibility and Stochastic Networks by Frank P. Kelly [164]and in section 4.2.1 as examples of Markov process models which arise from simpletransition rates (e.g. see table 4.2). The clustering behavior of these models, importantfor judging their applicability to physical systems, is discussed in section 4.2.2.Two other closed-form canonical Gibbs partition functions can be inferred from theother identities (equations (4.11) and (4.14)), namelyZn  xk = 1� qkxk(1� qk)! =  x+ n� 1n !q ; (4.20)Zn  xk = xqk qkk !! = xx+ nq x+ nqn ! : (4.21)



84These examples are both generalizations of Ewens' sampling formula (or Sylvester'sidentity), since when q ! 1, they both reduce to that case. The �rst was examined byMekjian and Lee [217] in the limit q ! �1. In that case only dimers have appreciableprobability. The second example is a limiting case of a model introduced in section 6.2.2,and was originally introduced in [58].Closed-form solutions are not the only expedient we can pursue. Simpli�ed recur-rence relations can be applied in some cases. For any choice of xk , the recursion relationgiven in equation (3.31) holds. However, for some xk there are simpler recursion rela-tions. For example, if Zn(x) is given by an orthogonal polynomial, (e.g., xk = x), thenZn+1(x) = (an + bnx)Zn(x)� cnZn�1(x) (see Abramowitz and Stegun [1]). Table 4.1lists some models which can be expressed this way. Note that the last choice for xk inTable 4.1 is related to the Catalan numbers, Ck = 1k+1�2kk �, speci�cally, xk = xCk�1.The Catalan numbers have a number of intriguing properties, and are ubiquitous incombinatorics.Table 4.1: Simpli�ed recursion relations for various Gibbs models.xk Recursion relation Modelx=k nZn = (x+ n� 1)Zn�1 Ewens' sampling modelx=k! nZn = (x+ x ddx)Zn�1x nZn = (x+ 2n� 2)Zn � (n� 2)Zn�1 Chain modelx�k1 nZn = xZn�1 Boltzmann gasxk �2(k�1)k�1 � nZn = 2(2n� 3)Zn�1 + x2n�1Zn�2Simpli�ed recurrence relations and closed-forms also occur for the ideal Boltzmanngas. Consider an ideal Boltzmann gas in d dimensions. Its partition function is givenby Zn(x) = xn=n! = (x=n)Zn�1(x), where x = V=�dT and �T = h=p2�mkBT is thethermal wavelength. This is a canonical Gibbs model with the parameter vectorxk = V�dT �k1 : (4.22)Since xk = 0 for k 6= 1, this model only has \fragments" of size one, i.e., there is noclustering. A close relative of the Boltzmann gas, the interacting Boltzmann gas can bedescribed by an interacting Gibbs model. Richard Feynman [102] illustrated that when



85the three-body and higher order terms are neglected, the partition function is given bynZn(V; T ) = V�dT �1� aV �n�1 Zn�1(V; T ) ; (4.23)where Z0(V; T ) = 1, a = R10 �1� e�V (r)=kBT� 4�r2dr, and V (r) is the two-body po-tential. In terms of an interacting Gibbs model, this is speci�ed by the parametervectors xk = x�k1yjk = 1� aV (4.24)So Gibbs models are not unique in having closed-form solutions.Although we considered only canonical partition functions, similar results apply tomicrocanonical partitions functions. For example, by identifying the microcanonicalpartition functions with well known mathematical functions (e.g. the Stirling numbersand Lah numbers if xk = x=k; x=k!; x), we can substitute improved computationalalgorithms for the generic ones. Conversely, we can use the connection between sumsover partitions and these numbers to obtain closed form expressions for some of thefunctions using equation (3.34). For the Stirling numbers, this leads to the followingexact expressions," nn � 2# = 2 n3!+ 3 n4! ; (4.25)" nn � 3# = 6 n4!+ 20 n5!+ 15 n6! ; (4.26)" nn � 4# = 24 n5!+ 130 n6!+ 210 n7!+ 105 n8! ; (4.27)and ( nn � 2) =  n3!+ 3 n4! ; (4.28)( nn � 3) =  n4!+ 10 n5!+ 15 n6! ; (4.29)( nn � 4) =  n5!+ 25 n6!+ 105 n7!+ 105 n8! : (4.30)Similar expressions hold for the Lah numbers.



864.1.3 Vector partition invariantsVector partition models clearly are computationally more intensive than integer parti-tion models. As a result, any simpli�cation which speeds up the computation withoutsacri�cing accuracy is welcome. This section explores one possible simpli�cation: re-ducing the partition function to a sum over integer partitions. This clearly reduces theworkload if recurrences can be maintained over the integer partitions. Here it is shownto be possible for one type of parameter vector because of a theorem due to Nathan J.Fine. Section 6.2.2 accomplishes a similar reduction for another type of parametervector.The following theorem by Nathan J. Fine [103,104] and its vector partition general-ization allow us to relate vector and ordinary symmetric functions. In fact, the relationsare related to the Cauchy numbers Perm(�), a fact which can be arrived at in manyways.Theorem 4.1.1 (Fine [103, 104], 1959) Let  j(q) =Pn�0 Cj(n)qn, thenYj>0 j(qjt) = Xn�0 qnXr�0 tr X�r(n)Yj>0Cj(�j) : (4.31)Proof: Since n = Pj>0 j�j, r = Pj>0 �j we can identify terms in Qj>0  j(qjt) withpartitions. The RHS of the equation is then just an accounting of terms on the LHSby partition classes. Remark: Fine restricted his attention to the case t = 1.The vector partition generalization is in the same spirit:Theorem 4.1.2 Let  jk(q) =Pn�0 Cjk(n)qn, thenYjk  jk(xjykt) = Xmn xmynXr tr X�r(m;n)Yjk Cjk(�jk) : (4.32)Proof: Completely analogous to above proof.Combining these two theorems gives the following very useful corollaryCorollary 4.1.1 Given m;n; r and xj from j = 1; : : : ; m+ n, then m+ nm ! X�r(m+n)Yj>0 x�jj�j ! = X�r(m;n)Yjk 1�jk!   j + kj !xj+k!�jk : (4.33)



87Proof: Choose  jk(q) = expntxj+k�j+kj �qo and  j(q) = expftxjqg. If we denoteZ(q; t) = Qj>0  j(qjt) and Z(x; y; t) = Qjk  jk(xjykt) then it is obvious that Z(x +y; t) = Z(x; y; t). The identity follows by applying the two theorems and expandingboth sides in powers of x, y, and t. 2Now if xj = sj=j in the above corollary and applying MacMahon's partition identi-ties (section 2.2.2) we can restate this theorem in terms of symmetric functions, whichwill prove to be very useful when considering isobaric equivalence (see section 6.2.2).Theorem 4.1.3 If the elementary bipartite symmetric function is related to the ordi-nary elementary symmetric function smn = sm+n, thenemn =  m+ nm !em+n ; (4.34)kmn =  m+ nm !km+n : (4.35)In summary, if xjk = �j+kj �xj+k , the vector partition functions can be reduced tointeger partition functions in a simple way.4.1.4 Information theory and clustering entropiesThe probability distribution associated with the Gibbs model can be analyzed in apurely information theoretic context. Suppose one had to measure the outcome ofa continuous fragmentation process acting on 50 objects and record the results forposterity. Every so often you take a look and see a particular pattern, and in yournotebook you write down the pattern. The �rst day your notebook looks something likethis: (1) 50 monomers, (2) 50 monomers, (3) 48 monomers, 1 dimer, (4) 50 monomers,(5) 50 monomers, : : : . In fact, after a while you realize that most of your notebookis �lled with events in which you see 50 monomers. The second day your notebook isequally repetitious, but di�erent (1) 1 50-mer, (2) 1 50-mer, (4) 1 49-mer, 1 monomer,(4) 1 50-mer, : : : . The third day however, your notebook is much more random (1) 20monomers, 6 dimers, 4 trimers, 1 8-mer, (2) 17 monomers, 8 dimers, 2 trimers, 1 11-mer, : : : . Clearly the individual observations on the third day contain more information,since it is di�cult to predict in advance what they will be. On the �rst and second



88days, however, you could guess with fairly high certainty what your next measurementwill be, and therefore each measurement reveals little information.The informational entropy7 measures this information capacity and for a probabilitydistribution Pr(�) is de�ned byH = �hln Pri = �X�(n)Pr(�) lnPr(�) : (4.36)It is de�ned so that it is maximal if all events are equally likely, and equal to zeroif there is only one possible event. This de�nition of informational entropy con�rmsour expectation that a set composed of randomly distributed events contains moreinformation than a set composed of many similar events. So in the above example, the�rst two days' informational entropy is quite small, whereas the third day there is muchmore entropy arising from the wider variety of events.Suppose the distribution of events is given by the canonical Gibbs distribution,Pr(�) = 1Zn(x) Yk>0 x�kk�k! : (4.37)The informational entropy is then given byH(x) = X�(n)Pr(�) lnZn �Xk �k ln xk + ln�k!!= lnZn(x)�Xk h�kin ln xk +Xk hln�k!in : (4.38)How can we compute this quantity? The �rst two terms can be calculated using themethods discussed in section 3.2.1. Computing the last term can be done by computingthe probability that �k = p, namelyPr(�k = p) = xpkp! Zn�pk(x1; : : : ; xk�1; 0; xk+1; : : :)Zn(x) ; (4.39)and then adding up the contributions from each possible p,hln�k !i = Xp>1Pr(�k = p) ln p! : (4.40)7The traditional entropy measure is the thermodynamic entropy, which is the informational entropyof the microstates of the system. The partition events here are macrostates of the system, and thereforethe two de�nitions of entropy are di�erent and a distinction between them needs to be made.



89This expression for Pr(�k = p) arises from the fact that Zn�pk(x1; : : : ; xk�1; 0; xk+1; : : :)is the Gibbs partition function for n � pk objects subject to the restriction �k = 0.Multiplying this by xpk=p! therefore yields a Gibbs partition function on n objects with�k = p. Dividing this by Zn(x) then yields the probability that �k = p. Figure 4.1illustrates the behavior of the entropy as a function of hri for xk = x=k and xk = x=k5=2.The phase transition (see section 4.3) in the second model causes a distinctly di�erentinformation pro�le for that model.Figure 4.1: The informational entropy hHi= lnp(n) for the canonical Gibbs model with(a) xk = x=k and (b) xk = x=k5=2 plotted against the expected number of parts(hr� 1i=n) for n = 200; 400; 600; 800.
4.2 \Physical" properties of canonical Gibbs modelsThis section deals with two \physical" properties of the Gibbs models. The �rst, howthe model arises from a dynamical competition between an aggregation and fragmen-tation process, is a possible picture of the underlying physics. It is not unique; forexample, sequential (equi)partitioning is a dynamic picture with no aggregation andhas been shown to yield the Gibbs model with xk = 1=k [117]. The second, the massyield of various models, is a preliminary investigation of the clustering behavior of theGibbs model. The goal is to identify models (i.e. parameter vectors) with properties



90which closely match observed physical systems. Indeed the general behavior of themodels investigated will prove to approximate the behavior seen in several physicalsystems, especially nuclear fragmenting ones.4.2.1 Markov process dynamicsThe Gibbs model has been introduced as an equilibrium distribution to an as yetunspeci�ed physical process. In this section we introduce a Markov process [164] whichhas the Gibbs ensemble as its canonical equilibrium distribution. This allows for somepossible dynamical physical interpretations to be given to the parameter vectors, analternative to the usual static statistical interpretations.Suppose we have n indistinguishable objects in some particular partition state. Overtime, new partition states form by the underlying physical processes: the joining of twoclusters to form a new larger cluster and the splitting of a cluster into two smallerclusters. Notice that these processes conserve particle number but not cluster number,and so the accessible states are de�ned by the canonical ensemble. Clusters joiningand breaking into more than two groups are possible, but we will ignore that for now,assuming that those processes are of lesser importance and will not materially a�ectthe overall equilibrium distribution. We denote these processes by a transition operatorT which acts as follows on the partition �.T jk� = 8><>: (: : : ; �j � 1; : : : ; �k � 1; : : : ; �j+k + 1; : : :) j 6= k(: : : ; �j � 2; : : : ; �2j + 1; : : :) j = k ; (4.41)Tjk� = 8><>: (: : : ; �j + 1; : : : ; �k + 1; : : : ; �j+k � 1; : : :) j 6= k(: : : ; �j + 2; : : : ; �2j � 1; : : :) j = k ; (4.42)i.e. T jk� combines a j and k sized cluster to form a j + k cluster, and Tjk is theinverse operation (T jkTjk = 1). Suppose these processes occur at some rate denotedby q(�;�0) for � transforms to �0. For example,q(�; T jk�) = �jk�j(�k � �jk) ;q(�; Tjk�) = �jk�j+k : (4.43)



91This is a very reasonable choice, as the rate is proportional to the number of fragmentsavailable for such moves. If there are none, then the transition rate is zero, as needed.These processes when applied repeatedly to a con�guration will lead to an equilibriumcon�guration, at which point the rate at which transitions occur to a new state, weighedto re
ect the equilibrium distribution of the original state, is equal to the rate atwhich transitions occur back to the original state, weighed to re
ect the equilibriumdistribution of the new state. In other words, if Pr(�) is the equilibrium distribution,it must satisfy the detailed balance condition:Pr(�)q(�; T jk�) = Pr(T jk�)q(T jk�;�) : (4.44)The equilibrium distribution for the canonical Gibbs ensemble isPr(�) = 1Zn(x) Yk�1 x�kk�k! : (4.45)Using the above transition rates and this equilibrium distribution, detailed balanceholds if xjxk�jk = xj+k�jk (4.46)is met 8j; k. One possible solution to this condition (i.e. not unique) is given by thefollowing choice: �jk = 1xjxk ;�jk = 1xj+k ; (4.47)where xk is any nonnegative function of k. In this case x�1j is proportional to boththe rate at which j clusters break up and combine with other clusters. Notice that ifxj = 0 then by the above transition rules, any clusters of size j formed will immediatelydissociate, as expected since the equilibrium distribution cannot have any clusters ofsize j in this case.So the Gibbs distribution (equation (4.45)) is the equilibrium distribution for aphysically simple process. Add to this the simple recursive solution for the canonicalGibbs model and one has a compelling argument for the possible utility of the model.



92Table 4.2: Markov processes speci�ed by the transition matrices �jk and �jk and theirequilibrium Gibbs distribution speci�ed by the parameter vector xj .�jk �jk xj� � �=��(jk)� �(j + k)� (�=�)j��� ��j+kj �� (�=�)j!��Indeed we will apply the model in several examples in the next chapter, and moreimportantly to the case of nuclear fragmentation in chapter six. The motivation forthese uses is at least partially explained by this intuitive Markov process.It is simple to generalize this Markov process to systems with many kinds of dis-tinguishable objects, so that the vector Gibbs model is reproduced in equilibrium.Additionally, if the transition rates are adjusted the equilibrium distribution can re
ectmodels other than the Gibbs model. However the form of these transition rates maybe particularly complicated. For example, if we use the transition rateq(�; T jk�) = �jk ;q(�; Tjk�) = �jk ; (4.48)we will get an equipartition distribution, but it will include states with negative numbersof certain clusters, since the transition rates do not depend on the availability of clusters.Including theta functions in the transition rates so that negative numbers of clustersis forbidden is e�ective, but unfortunately it then leads to a di�erent distribution thanthe equipartition distribution.4.2.2 Expected mass yieldsSuppose that each xk in the parameter vector is proportional to x for all xk, i.e. xk =xbk, then the partition function is a polynomial in x of degree n. If bk is �xed, thenall expectation values and related quantities of interest are simply functions of a singleparameter x. In this section we consider the general behavior of the expected clusteryields, i.e. h�kin. Speci�cally, we consider the canonical Gibbs model with xk = x=k�and xk = x=k!.



93The function f(k) = kh�kin is known as the mass yield distribution, since it mea-sures how many objects (the \yield") appear at a certain fragment size (the \mass").Because all the models must satisfyPk>0 kh�kin = n, there are restrictions on the formof the mass yield distribution. If we graph kh�kin vs. k, then the area under the curvemust be equal to n. For di�erent choices of xk, the area will be distributed di�erently.This subsection discusses the mass yields in terms of the typical area distributions forthese modelsThese models have simple behaviors at large and small x regardless of bk which areeasy to obtain. For small x, all models will produce kh�kin with most of the area neark = n. This is because for small x, the partition function is given almost entirely bythe term proportional to x. This implies that one fragment is the most likely outcome.For k 6= n, kh�kin is proportional to x sinceh�kin � xkxn�kxn / x : (4.49)For large x, all models will produce kh�kin with most of the area near k = 1. This isbecause for large x, the partition function is given almost entirely by the term propor-tional to xn. So n fragments is the most likely outcome. For k 6= 1, h�kin and kh�kinare proportional to x1�k sinceh�kin � xkxk1 n!(n� k)! / x1�k : (4.50)Further re�nements to the above arguments can be made by making a high andlow temperature expansion of the partition function, For xk = xbk, Zn =Pnr=1Z(r)n xr.For xk = x=k� with � > 1, in the large n limit, the small r coe�cients (i.e. lowtemperature) are given by Z(r)n = z(r)n =n� where z(r)n are only weakly dependent on nfor small r. Table 4.3 gives the large n limit for the �rst few coe�cients. Notice thatlimn!1 z(2)n = �(�).The model xk = x=k was discussed in an earlier set of papers [215, 214, 217, 216,184,183]. For small x, most of the area is near k = n, as expected. For x < 1, kh�kinis monotonically increasing. At x = 1, kh�kin = 1 for all k. For x > 1, kh�kin ismonotonically decreasing. At large x, most of the area is near k = 1, as expected. Thisis shown in �gure 4.2(a).



94Table 4.3: Values of z(r) = limn!1 n�Z(r)n in the Gibbs model with xk = x=k� at� = 3=2; 2; 5=2; 3. � z(1) z(2) z(3) z(4) z(5)3/2 1.000 2.612 3.412 2.971 1.9412 1.000 1.645 1.353 0.742 0.3055/2 1.000 1.342 0.899 0.402 0.1353 1.000 1.202 0.723 0.289 0.0870The model with xk = x for x� 1 most of the area is below k = n. As x increases,some area is distributed along the rest of the graph, mostly around k = n=2. As xkeeps increasing, the area continues to be redistributed, until most of it is distributedabout a point k < n=2. At large x it takes on the usual distribution. This is illustratedin �gure 4.2(b).For the model xk = x=k� , with 0 < � < 1, the behavior is very similar to xk = x.For small x, kh�kin increases monotonically, with most of the area near k = n. As xincreases, the right-hand side is diminished till the graph attains two turning points,a local minimum near k = n, and a local maximum at a point k < n=2. The localminimum soon disappears, and the local maximummigrates left till it reaches k = 1 atlarge x. This behavior is illustrated in �gure 4.2(c).The models xk = x=k� , � > 1 are also all very similar. For small x, kh�kin startsmonotonically decreasing, reaches a minimum, then near k = n rises rapidly. As xis increased, the small k behavior is unchanged, but eventually the large k part turnsdownward. Thus for a small range of x, the graphs have two turning points. As xcontinues to increase, the local maximum eventually disappears and the typical largex behavior onsets. This behavior is shown in �gure 4.2(d) (� = 2), and in �gure 4.3(� = 2:5).The model xk = x=k!, for x� 1, kh�kin is mostly under k = n, as expected. Fromequation (4.49), we see h�kin � x�nk� for k 6= n, so the remainder of the area is binomiallydistributed about k = n=2. As x increases, the amount of area under k = n diminishes,the balance appearing around k � n=2 in a binomial or Gaussian distribution. Oncemost of the area has disappeared from k = n, the Gaussian distribution at the center



95Figure 4.2: The behavior of kh�kin vs. k for n = 50, x = 0:2; 0:5; 1; 2; 5, xk = x=k� ,where (a) � = 1, (b) � = 0, (c) � = 1=2, and (d) � = 2.

moves to the left as x is increased. For very large x, most of the area is under k = 1,as expected.A simpli�ed description of the xk = x=k! model can be obtained by making thefollowing approximations. For a given x, the partition function is strongly peakedabout a particular number of fragments m = m0, such that Zn(x) � � nm0	xm0=n!. Toestimatem0, we use the asymptotic formula for the Stirling numbers of the second kind,�nm	 � mn=m! valid for smallm, and maximize Zn(x). This gives a nonlinear equationfor m0(n; x), namelym0 = xen=m0 , where we have used Stirling's approximation for m!.This implies h�kin � �nk�m�kk fn(x) where mk = m0(n�k; x) and fn(x) is a normalizingconstant. We now make the assumption that mk � m0(n� hkin; x) � �m. The value offn(x) can now be obtained by imposing the constraint Pk>0 kh�kin = n, which givesh�kin �  nk!pk�1(1� p)n�k ; (4.51)where p = 1=( �m+ 1). This distribution is binomial, with hkin = pn. Using this result



96Figure 4.3: The behavior of kh�kin vs. k for n = 100, xk = x=k5=2, at various x=xc.

we arrive at an equation for �m, �m = xen=( �m+1) : (4.52)Figure 4.4 compares the exact behavior with this approximation. From the �gure wesee that h�kin is reasonably well described by this approximation for x > 10�3.4.2.3 Entropy, Universality and the Gibbs modelThe next two chapters principally apply the canonical Gibbs model to systems in physicsand mathematics. The question which arises after seeing the Gibbs model appear andreappear in a number of di�erent situations, is why is it so universal in appearance.Why doesn't the equipartition model for instance appear instead?Part of the answer can be traced back to the Gibbs' paradox. In a microcanonical8treatment of the classical ideal Boltzmann gas, the thermodynamic entropy can becomputed by taking the logarithm of the volume of the phase space bounded by the8The traditional de�nition of microcanonical is meant here, meaning energy conserving.



97Figure 4.4: The behavior of kh�kin vs. k for n = 50, xk = x=k!, at various x, with acomparison to the approximate model considered in the text. The lines correspond tothe approximate model, the points to the exact model.

energy of the system. Suppose we take two ideal gases at the same temperature anddensity, with n1 and n2 particles in volumes V1; V2, and we mix them. According tothe traditional entropy measure, the entropy would change by�SkB = n1 ln VV1 + n2 ln VV2 > 0 : (4.53)Unfortunately, this is clearly wrong if the two systems contain the same type of particles,since the entropy shouldn't change, but it is correct if the two systems contain di�erentparticles. This is referred to as Gibbs' paradox, after J. Willard Gibbs who �rst noticedand resolved the problem by assuming an error was made in computing the size of thephase space by a factor of 1=n!. This doesn't a�ect the equation of state or othermeasurable thermodynamic functions of the system, but it does e�ect the entropy,resulting in the Sackur-Tetrode equation for an ideal gas. With this change, the paradoxis resolved, but the reason why this 1=n! correction is needed was not known to Gibbs.Quantum mechanics makes the reason plain, since n identical particles are de�ned by an



98n particle wave function for which any permutation of the particles can at most simplychange the sign, it seems clear that the 1=n! is due to this permutation invariance ofthe wavefunction.In the canonical formalism, resolving the Gibbs paradox for an ideal gas is equivalentto replacing the partition function xn for an ideal gas of particles with xn=n!, where x =V=�dT and �T is the thermal wavelength (see section 5.1). Suppose we now allow theseparticles to form clusters, then freeze the con�guration. All clusters of a particular sizeact as an ideal gas of indistinguishable clusters, but each cluster size is distinguishable.So each cluster size should act as a species of indistinguishable particles with partitionfunction x�kk . The Gibbs paradox will still a�ect us unless we make the Gibbs ansatzand divide these partition functions by �k!. So for a particular cluster con�gurationW (�) = Qk x�kk =�k!, and the motivation for the Gibbs model becomes apparent.4.3 Phase transitions in the Gibbs modelPhase transitions in physical systems are characterized by discontinuities in measurablequantities, often thermodynamic ones. For example, in liquid helium, a phase transition(the � transition) can be identi�ed at the temperature where the speci�c heat becomesin�nite. Clustering and fragmenting systems do not necessarily have thermodynamicdegrees of freedom, and so an investigation of their critical properties depends on acluster based measure of criticality which is independent of thermodynamic or otherconcerns. Fortunately there is a natural way to identify the critical point in suchsystems.Suppose that in a canonical Gibbs model9 the parameter vector is a function ofsingle variable x (e.g. xk = xbk). If it is a function of other parameters also, we holdthem �xed for the purpose of this investigation. As x is changed, the fragmentationpattern will also change, although predictably. As has already been suggested, for somemodels the change in fragmentation pattern will be dramatic at one particular valueof the parameter x. We will specify this point as the critical point, and say that the9Actually, the discussion here is mostly model independent and applies equally well to any partitionbased model.



99system has changed phase as it crossed it.What dramatic change to the fragmentation pattern can happen at the criticalpoint? Well, suppose n!1 and consider the behavior of the largest cluster as x=n isvaried. Since the number of particles is tending to in�nity, the grand canonical solutionwith a fugacity z (i.e. h�ki = zkxk) should be an adequate description of the partitiondistribution. As such, the canonical constraint hni = n, orlimn!1Xk>0 kzkxkn = 1 (4.54)should hold. If z can be found to satisfy this equation then indeed this is an adequatedescription of the system. But what if no such z exists? For example, if xk = xk��with � > 2 then Pk>0 kzkxk � x�(� � 1) where �(z) is the Riemann zeta function,or is formally in�nite (i.e. z > 1.) In this case, when x=n < 1=�(� � 1) then thereis a problem with the grand canonical solution. In fact, all that has happened is thatvery large clusters have begun to appear in the fragmentation pattern, clusters whichthe grand canonical solution implicitly assumes occur with negligible probability. Thephase transition therefore is a transition from the phase where all the clusters are smallto a phase in which there appears large clusters which have a size of some �nite fractionof the total mass even as n ! 1. This happens as a very sharp transition in manymodels, and in this example occurs atxc = n�(� � 1) : (4.55)Below the critical point we can assume enough mass has condensed into large clustersso that the remaining mass can satisfy the mass constraint with z = 1.4.3.1 Reduced moments and critical exponentsHaving identi�ed a critical point via the appearance of large clusters, we proceed tocharacterize the nature of the transition by de�ning a set of critical exponents. To doso, we �rst introduce the reduced moments Ms de�ned byMs(�) = Xk>0 ks�k � ksmax ; (4.56)



100where kmax is the largest cluster size in the partition �. So the term reduced speci�callymeans that the largest cluster has been omitted from the sum. The motivation to dothis is manifest from the nature of the critical point. At the critical point, we expectlarge clusters to begin to form, most probably a single large cluster. As such we want toisolate its e�ects, and removing it explicitly from the moments is one obvious method.Consider now the behavior of hM1i. Above the critical point, only small clusterswill exist, so removing the largest cluster should have only a small e�ect on hM1i, andin fact limn!1 hM1in = 1 : (4.57)Below the critical point, a large cluster can exist, and we expect the not too far fromthe critical point we can say thatlimn!1hM1i = j1� x=xcj� ; (4.58)where � is a critical exponent. Similarly, below the critical point we can study thebehavior of other moments such ashM0i / jx� xcj2�� ; (4.59)hM2i / jx� xcj�
 ; (4.60)hMji / jx� xcj�(1+j��)=� : (4.61)Clearly only three of these exponents are independent: In fact [88]� = 1� + 
 ; (4.62)� = 2 + �� + 
 : (4.63)In these terms, the critical exponents for the example xk = x=k5=2 are � = �1, � = 1,
 = 1, � = 5=2. Other critical exponents can be de�ned, but �, �, and 
 are su�cientto determine the ones of interest to clustering degrees of freedom. From these allthe critical exponents can be determined using the various scaling laws for criticalexponents 4.4.How can we compute these moments? Computing the non-reduced part of themoments can be accomplished using the methods discussed in section 3.2.1. The reduced



101Table 4.4: Scaling laws for critical exponents.Scaling lawFisher 
 = �(2� �)Rushbrooke �+ 2� + 
 = 2Widom 
 = �(� � 1)Josephson �d = 2� �part hksmaxi requires a determination of the probability that kmax is a particular value.That is given byPr(kmax = k) = Zn(x1; : : : ; xk; 0; 0; : : :)� Zn(x1; : : :xk�1; 0; 0; : : :)Zn(x) : (4.64)Clearly the numerator includes all the terms in Zn which have xk. Furthermore, termswith xk+1; xk+2; : : : do not appear, and so therefore kmax = k in these terms. Dividingby the overall partition function then obtains the probability the kmax = k, as desired.With this results, we can now compute the reduced parthksmaxi = Xk>0Pr(kmax = k)ks (4.65)Figure 4.5 plots the reduced parts for the model xk = x=k5=2.4.3.2 Fluctuations and cumulant momentsThe Gibbs model can be solved e�ectively in the microcanonical, canonical and grandcanonical ensembles. Of the three solutions, however, the grand canonical has a par-ticular advantage over the other two due to the closed form expression for its partitionfunction. Similarly, the canonical partition function takes less time and less storagespace to compute than an average microcanonical partition function. This knowledgesuggests it may sometimes be helpful to abandon one strict ensemble (e.g. microcanon-ical) for a less strict one (e.g. grand canonical), at least from a computational pointof view. From a modeling point of view, this at �rst appears to be terrible, since theother ensembles permit states that are impossible to occur in the \correct" ensemble.However, by careful adjusting of parameters, we can have the most probable con�g-urations be the allowed con�gurations. The forbidden con�gurations will then occur



102Figure 4.5: The mean and variance of the maximum cluster size (a) hkmaxi and (b)hk2maxi � hkmaxi2 for the canonical Gibbs model with xk = x=k5=2 plotted against x=xcfor n = 200; 400; 600; 800.
with a smaller probability, and the hope is that they will not a�ect the predictionsof the theory very much. In other words, even though particle number may be con-served, the grand canonical assumption can sometimes be made without the resultsbeing measurably a�ected. Similarly, the canonical ensemble can often be substitutedin a microcanonical model.Of course, such substitutions can't always be made, or there would be no needfor more than one ensemble. All calculations could be done in the grand canonicalensemble, and physics would be greatly simpli�ed. Consider then the 
uctuations of theconserved quantities. To be precise, in a less strict ensemble, the conserved quantitieswill no longer be conserved over the entire ensemble, but they will be conserved \onaverage". Since the conserved quantities aren't strictly conserved, we expect there tobe a measurable 
uctuation in these ensembles. For example, in the grand canonicalensemble, we can adjust parameters so that hni = n, but the 
uctuation hn2i�hni2 > 0,whereas in the canonical ensemble this 
uctuation would be identically zero. Thissuggests that the 
uctuation of the conserved quantities are useful in estimating whenother ensembles can be substituted. If the 
uctuation of a conserved quantity is small



103compared to the quantity conserved, the predictions of the two ensembles shouldn't bealtogether that much di�erent, and either ensemble can be used. If the 
uctuations arelarge, the strict ensemble must be used. In short, a careful consideration of 
uctuationsshould be made in these models both for their inherent interest and for identifyingregions where calculations can be simpli�ed.Although these considerations are correct in any statistical model, here we restrictattention to the Gibbs model. The behavior of the Gibbs model is determined by theparameter vector x. Consider xk = xzkbk. The weight then is given by (equation (3.25))W (�) = Yk>0 x�kk�k! = xrzn Yk>0 b�kk�k! ; (4.66)where r =Pk>0 �k, n =Pk>0 k�k , i.e. r is the number of clusters and n is the numberof particles. So in a microcanonical ensemble, each weight is multiplied by the sameconstant factor xrzn. Ensemble averages are therefore una�ected by these variables.Similarly, in a canonical ensemble, changing z does not a�ect ensemble averages. Thesevariables then are the adjustable parameters which determine the expected cluster andparticle number in the canonical and grand canonical ensembles, i.e. adjusting x and zwill e�ect hrin, hri, hni. Speci�cally, in the grand canonical modelhni = z @@z lnZ = xXk>0 kzkbk = Xk>0 kh�ki ; (4.67)hn2i � hni2 = �z @@z�2 lnZ = xXk>0 k2zkbk = Xk>0 k2h�ki ; (4.68)and hri = x @@x lnZ = xXk>0 zkbk ; (4.69)hr2i � hri2 = �x @@x�2 lnZ = xXk>0 zkbk = hri : (4.70)Notice that the variance in hri is equal to hri independent of bk. In the canonical model,there is no 
uctuation in n and the 
uctuation in r is given byhrin = x @@x lnZn ; (4.71)hr2in � hri2n = �x @@x�2 lnZn : (4.72)



104The variance is only the �rst of a whole family of moments which are critical to theunderstanding of these models. Let m be an observable, and h�i denote an expectationvalue for functions of that variable. The central and factorial moments are de�ned bythe following expressions:�k(m) := h(m� hmi)ki ; (4.73)�k(m) := h[m]ki = hm(m� 1) � � �(m� k + 1)i : (4.74)A quick calculation shows that �2(m) = Var(m). Additionally, the standard statisticalfunctions of skewness and kurtosis, are de�ned byq�1(m) = �3(m)�3=22 (m) ; (4.75)�2(m) = �4(m)�22(m) : (4.76)and generalize somewhat the notion of variance.From these moments (hmki; �k(m); �k(m)), one can construct the cumulant mo-ments in a systematic fashion by taking the logarithm of their exponential generatingfunctions, i.e. for power moments, the exponential generating function isDe��mE = Xn�0 (��)nn! hmni : (4.77)The exponential generating function for the cumulant power moment is then simplythe natural logarithm of the above expression, i.e.ln De��mE = Xn�0 (��)nn! �n(m) ; (4.78)where �n(m) is the nth power cumulant moment. The �rst few are given by�1(m) = hmi ;�2(m) = �2(m) = hm2i � hmi2 ; (4.79)�3(m) = �3(m) = hm3i � 3hmihm2i+ 2hmi3 ;�4(m) = �4(m)� 3�22(m) = hm4i � 4hmihm3i+ 12hm2ihmi2 � 3hm2i2 � 6hmi4 :



105in general �n(m) is a symmetric function, related to the hmki as shown by Ronald A.Fisher [108] hmni = n!X�(n)Yj>0 1�j ! ��j(m)j! ��j ; (4.80)�n(m) = n!Xr (�1)r�1(r� 1)! X�r(n)Yj>0 1�j !  hmjij! !�j : (4.81)i.e. in terms of the elementary symmetric functions (section 2.2.2),kn(m) = hmnin! ; (4.82)sn(m) = �n(m)(n� 1)! : (4.83)Similar de�nitions hold for the central and factorial cumulants.In statistics cumulants simplify many problems, and our motivation for introducingthem is their natural appearance in various thermodynamic functions of the Gibbsmodel. Speci�cally, suppose that the weight is given by the Gibbs model with xk = xbk,i.e. W (�) / xr where r is the number of clusters. Suppose the number of parts r is theobservable and we wish to determine cumulant moments of r. Then we will prove that�x @@x�k lnZ = �k(r) ; (4.84)where Z is the appropriate partition function for the ensemble.To prove this, we will �rst prove some preliminary lemmas.Lemma 4.3.1 For the Gibbs model with xk = xbk,x @@xh[r]ki = hr[r]ki � hrih[r]ki : (4.85)Proof: Let Z be the partition function, thenx @@xh[r]ki = x @@x xkZ @kZ@xk = xk+1Z @k+1Z@xk+1 + kxkZ @kZ@xk � xk+1Z2 @Z@x @kZ@xk= h[r]k+1i+ kh[r]ki � hrih[r]ki = hr[r]ki � hrih[r]ki (4.86)Lemma 4.3.2 For the Gibbs model with xk = xbk,x @@xhrki = hrk+1i � hrihrki : (4.87)



106Proof: x @@xhrki = x @@x kXj=0(kj)h[r]ji = kXj=0(kj)(hr[r]ji � hrih[r]ji)= kXj=0(kj) jXi=0(�1)j�i"ji#(hri+1i � hrihrii) = hrk+1i � hrihrki (4.88)by applying the previous lemma and since Pkj=0 �kj	(�1)j�i�ji� = �ki.Theorem 4.3.1 For the Gibbs model with xk = xbk,x @@x�n(r) = �n+1(r) : (4.89)Proof: Since �n(r) and hrji are related to symmetric functions by equations (4.82)and (4.83), we have the following recursive identity for �n(r) using equation (2.62)�n(r) = hrni � n�1Xj=1  n� 1j � 1!�j(r)hrn�ji : (4.90)So we will proceed with an inductive proof. Clearly the identity holds for n = 1.Assume it is true up to n� 1. Then we havex @@x�n(r) = hrn+1i � hrihrni� n�1Xj=1  n� 1j � 1! h�j+1(r)hrn�ji+ �j(r)hrn+1�ji � �j(r)hrihrn�jii= hrn+1i � n�1Xj=1  n � 1j � 1!h�j+1(r)hrn�ji+ �j(r)hrn+1�jii+hri24hrni � n�1Xj=1  n� 1j � 1!�j(r)hrn�ji35= hrn+1i � n�1Xj=2  nj � 1!�j(r)hrn+1�ji� n � 1n � 2!�n(r)hri �  n� 10 !�1(r)hrni � hri�n(r)= hrn+1i � nXj=1 nj � 1!�j(r)hrn+1�ji = �n+1(r) (4.91)from the recursion relation and since �n�1j�1�+ �n�1j�2� = � nj�1�.Corollary 4.3.1 For the Gibbs model with xk = xbk,�x @@x� lnZ = �n(r) : (4.92)



107Proof: x @@x lnZ = �1(r), and apply the above theorem.The following theorem can also be quite useful in doing some calculationsTheorem 4.3.2 For the Gibbs model with xk = xbk,x @@x�k(r) = �k+1(r)� k�2(r)�k�1(r) : (4.93)Proof: x @@xh(r� hri)ki = x @@x kXj=0 kj!(�1)k�jhrjihrik�j= kXj=0 kj!(�1)k�jhrji(k � j)hrik�j�1�2(r)+ kXj=0 kj!(�1)k�j(hrj+1i � hrihrjihrik�j)= k�1Xj=0 k � 1j !(�1)k�1�j(�k)hrjihrik�1�j�2(r)+ k+1Xj=0( kj � 1!+  kj!) (�1)k+1�jhrjihrik+1�j= �k�k�1(r)�2(r) + �k+1(r) (4.94)by the lemma 4.3.2 and since � kj�1�+ �kj� = �k+1j �.We are principally concerned with the canonical ensemble, so it would be helpfulif we could use the exact solutions of the grand canonical model to determine thebehavior in the canonical ensemble. The principle objection to the grand canonicalensemble is its particle number 
uctuations. The canonical ensemble has none, and infact, if we vary z in the canonical ensemble it has no e�ect on the observables, sinceit just multiplies the partition function by a constant factor. So let us take the grandcanonical solution for hri=hni as being appropriate for the canonical model, but let ustry to remove the e�ects of particle number 
uctuations from higher order moments.Consider the case xk = xk�� . From our previous considerations it is easy to see thatthe number of objects hni above the critical point satis�eshni = n = xg��1(z(x)) (4.95)



108where g�(z) =Pk>0 zkk�� . To eliminate particle number 
uctuations, this must de�nea relation between z and x (i.e. they are no longer independent) such that x ddxhni = 0.So above the critical pointx ddxhni = xg��2(z(x)) + x2 dzdxgtau�1(z(x)) (4.96)where we have used the fact that dg�=dz = g��1(z). Setting this equal to zero deter-mines the dz=dx, dzdx = � 1x g��1(z)g��2(z) : (4.97)So from the behavior of the multiplicity hri =Pk �k in the grand canonical ensemblehri = 8><>: 1 + xg�(1) x < xcxg�(z(x)) x > xc (4.98)we can determine the behavior of the higher moments by replacing the partial deriva-tives with total derivatives, yielding the following expressions for the second, third andfourth order cumulants.�2(r) = 8><>: xg�(1) x < xcxg�(z)� xg��1(z)2g��2(z) x > xc (4.99)�3(r) = 8><>: xg�(1) x < xcxg�(z)� x �g��1(z)g��2(z)�3 g��3(z) x > xc (4.100)�4(r) = 8>>>>><>>>>>: xg�(1) x < xcxg� (z)� xgtau�1(z)2g��2(z) + 2x �g��1(z)g��2(z)�3 2g��3(z)�3x �g��1(z)g��2(z)�4 g��3(z)2g��2(z) + x �g��1(z)g��2(z)�4 g��4(z) x > xc (4.101)Figure 4.6 plots these moments �1; : : : ; �4 in the canonical models and the grand canon-ical estimates. The agreement is quite good, except around the critical points in thehigher cumulants, but that is to be expected. Figure 4.7 plots the variance of the mul-tiplicity versus the multiplicity, showing that on both sides of the critical points thevariance is essentially a straight line. The important thing to note from both �guresis that the �nite size e�ects are most pronounced near the critical point. Canonicalpartition evaluations are quite crucial there, and the grand canonical solutions are notentirely reliable in that region.



109Figure 4.6: The �rst four cumulant moments for the canonical Gibbs model with xk =x=k5=2, n = 200; 400; 600; 800 and the in�nite n limit.

4.3.3 Zeros of the partition functionThe methods of Lee and Yang in describing phase transitions a�ords us yet anothermethod of exploring phase transitions: the behavior of the zeros of the partition func-tion. For xk = xbk, the canonical partition function Zn(x) is a polynomial of order nin x with positive coe�cients, the coe�cients being the microcanonical partition func-tions. For example, for xk = x=k, Zn(x) = x(x+ 1) � � �(x+ n� 1)=n!. By a theorem ofGauss, a polynomial of order n has n roots or zeros in the complex plane. For positivecoe�cients, no real roots are on the positive real axis, which is also the physical mean-ingful axis. The above example has its roots at the x = 0 and the negative integersx = �1;�2; : : : ;�n+ 1.Complex roots correspond to an extension of the real domain into the complex plane.Lee and Yang, in their discussion of phase transitions, showed that such transitionsmanifest themselves as zeros of the partition function approach the physical axis, which



110Figure 4.7: Var(m) vs. hmi for the canonical Gibbs model with xk = x=k5=2, n =200; 400; 600; 800.

in this case is the real positive axis, as the thermodynamic limit n!1 is approached.Taking the logarithm of the partition function to obtain the free energy can then leadto a singularity.To illustrate the above remarks, we consider the example of the 2D Ising model onan m� n lattice. Bruria Kau�man [161,162] while simplifying Lars Onsager's originalsolution of the model [234] showed that the partition function for this model is givenby Zmn = mYr=1 nYs=18<: 1 + v21� v2!2 � 2vfrs1� v29=; ; (4.102)where frs = cos(2�r=m) + cos(2�s=n), v = tanh(J=kBT ). In this case the zeros ofthe partition function are located on two circles in the complex v plane, namely v =�1+p2ei� . The physically meaningful domain of the v plane is the part of the real line



111v 2 (0; 1) (assuming J > 0). The zeros of the partition function approach this domainat one point, v = �1 +p2. This implies there should be a phase transition whenkBTc = Jtanh�1(�1 +p2) = 2Jln(1 +p2) ; (4.103)which is the commonly known value for the critical temperature.Figure 4.8: Zeros of the partition function ZA(x) for the choice (a) xk = x=k2 and (b)xk = x=k3 scaled by 1=A (i.e. root x is plotted at x=A). The cases A = 25; 50; 75; 100are shown.
Now consider the zeros of the Gibbs model partition function with xk = xbk inthe complex x plane. The physically meaningful domain of x, the part with positivetemperature, is the positive real axis. So for a phase transition to manifest itself in thein�nite particle limit, the zeros of the partition function must approach the positivereal axis. The xk = x=k model therefore has no phase transition, for in the in�niteparticle limit, the roots of the partition function are zero and the negative integers,which never approach the real temperature domain. Similarly, xk = x=k! has rootsonly on the negative real axis (cf. Wilf [310], pg. 129 for a proof)10, and therefore hasno phase transition. Another example we consider is xk = x=k� for the cases � = 2; 3.10Curiously, the fact that the roots are all on the negative axis implies the microcanonical partitionfunctions in this case are unimodal, that is they rise, reach a peak or plateau, and then fall. Havingnegative real roots implies unimodality, but not vice versa, cf. Wilf [310].



112For this model we will show the critical point is at x=n = 1=�(� � 1). This essentially11corresponds to an ideal Bose gas in two and four dimensions (see section 5.1). So weexpect that the zeros should approach the physically meaningful domain for large n forthe case � = 3, but not for the case � = 2 (since �(1) = 1, �(2) = �2=6). Figure 4.8illustrates the zeros for these two models for n = 25; 50; 75; 100. These graphs suggestthat for both models, the roots lie on simple curves. Whether these curves close on thepositive real axis is not clear from these small n results. The roots near the negativereal axis scale with n, which suggests that the crossing point on the positive real axisshould scale with n as well, which agrees with the known critical point. The fact thatthe curve will not close for d = 2 is not evident from the graph, however.

11See section 5.1 for a discussion of the limitation of this identi�cation.



113Chapter 5Application to physical and mathematical systemsThe previous chapters introduced and analyzed statistical models over partitions with-out showing that the models were applicable to actual physical systems. A \leap offaith" was required on the part of the reader to believe not only that the models wouldprove to be useful, but to be essential to our attempts at modeling real physical sys-tems. In other words, the e�ort made in solving the statistical models of the previouschapters could be for naught if no physical system was found to which the modelsapplied. Fortunately, the Markov process which generated the canonical Gibbs model(section 4.2.1) and the discussion of ideal Boltzmann gas entropies (section 4.2.3) sug-gest strongly that physical systems can be described by Gibbs models, and in fact thischapter produces a number of examples from physics, mathematics and biology whichapply that and other models to systems of interest.The �rst four sections discuss applications of the Gibbs model. Section 5.1 discussesthe ideal Bose gas, which is probably the earliest model in physics from which a non-trivial Gibbs model emerged. The cluster expansion method of Mayer for non-idealgases makes this connection with the Gibbs model explicit. Section 5.2 discusses poly-mer theory and gelation from the point of view of Stockmayer, who adapted Mayer'scluster expansion method in real-space, supplementing results derived earlier by Flory.Section 5.3 discusses the Feynman model for the � transition in liquid helium, a modelintroduced in the 1950s to attempt to explain some of the unusual properties of liquid4He at low temperatures. Section 5.4 is an example from population genetics. Genesamples from a population are shown to have a distribution determined by a canonicalGibbs model, known as Ewens' sampling formula. Section 5.5 illustrates that the Gibbs



114model might also have applications to problems in sociology. Whereas the above sec-tions all apply the Gibbs model to historical problems, the following sections show thatthe equipartition, separable and interacting Gibbs models are also useful. Section 5.6discusses an early treatment of nuclear fragmentation using the equipartition model.Section 5.7 introduces a separable model which interpolates between the Gibbs andequipartition models, a fact which is intimately related to the model's relation to theproblem of enumerating the number of involutions or Young tableaux. Section 5.8 notessome graph enumeration problems which are equivalent to interacting Gibbs models.5.1 Ideal Bose-Einstein gas, condensation, and the Mayer cluster ex-pansionThe following model of an ideal gas of indistinguishable particles was introduced in the1924 by Albert Einstein [86,87] based on Satyendra Nath Bose's [39] work on Planck'sradiation formula. Einstein realized that Bose's statistical treatment of photons mightalso apply to massive particles, and worked out the statistical physics of an ideal gasof \bosons." At the time he was uncertain whether such particles actually existed, butconsidered the model of su�cient theoretical interest to proceed. This model reducesto a Gibbs canonical model, but was originally solved in the grand canonical ensemble.This should not be too surprising, since the recursive treatment is usually impracticalto implement for all but small systems, but in retrospect it is curious that the exactsolution of the canonical Bose gas is rarely if ever mentioned considering the largenumber of textbook derivations.1 Especially since some calculations (such as its virialexpansion) can be computed more simply in the canonical ensemble. Possibly this isthe case because the connection between the model and symmetric functions, wherethe recursive solution naturally appears, may have been overlooked. Although thisexample is analyzed thoroughly in the literature, it is instructive to follow how theGibbs model arises from such a simple system as well as to explore the utility of the1I am unaware of any statistical mechanics textbook which draws attention to this fact. All the onesI am familiar with work entirely in the grand canonical limit, and have no advice for Bose systems withsmall numbers of particles.



115canonical approach.2An ideal Bose gas is a system of identical, indistinguishable particles. The canonicalpartition function is given byZn = Xfnp:Pp np=ng e�Pp np"p=kBT ; (5.1)where np is the number of particles with momentum p and energy "p = p2=2m in thenon-relativistic limit. The grand canonical partition function, the sum of canonicalpartition functions, is given byZ = Xn�0 znZn =Xnp Yp (ze�"p=kBT )np= Yp 11� ze�"p=kBT : (5.2)with z = expf��=kBTg the fugacity. Now if we take a logarithm of both sides andconvert the sum over p into an integral (adding the zero momentum mode in explicitlyrather than in the integral3), we can evaluate this grand canonical partition functionexplicitlylnZ = �Xp ln(1� ze�"p=kBT ) = � Vhd Z ddp ln(1� ze�p2=2mkBT )� ln(1� z)= � Vhd Z 10 dpd
pdp ln(1� ze�p2=2mkBT )� ln(1� z)= � Vhd 2�d=2�(d=2)(2mkBT )d=2 Z 10 dx xd�1 ln(1� ze�x2)� ln(1� z)= V�dT Xk>0 zkk1+d=2 � ln(1� z) = Xk>0 zk  V�dT 1k1+d=2 + 1k! ; (5.3)where �T = h=p2�mkBT is the thermal wavelength (essentially the de Broglie wave-length except for a constant factor, i.e. �dB = �Tp2�=3) and we have expanded� ln(1� z) =Pk zk=k. So the grand canonical partition function is given byZ = exp8<:Xk>0 zk  V�dT 1k1+d=2 + 1k!9=; : (5.4)2V.S. Nanda [227] in 1953, extending work of H.N.V. Temperley [293] attacked the problem in adi�erent way which attracts our attention as it also tried to connect the problem to an underlyingpartitioning problem. Later [229] he attempted a similar analysis for polymer models.3In transforming the sum to an integral, the zero momentum mode is lost since it has zero volume inphase space and must be therefore added back in. Since the zero momentum mode hn0i=V is the onlymode to persist when V ! 1, we don't have to explicitly add every momentum mode in this fashion.



116Notice that this is the exact form of a Gibbs model (cf. equation (3.26)) with parametervector xk = V�dT 1k1+d=2 + 1k ; (5.5)so the canonical partition function is given byZn = X�(n) Yk�1 1�k!  V�dT 1k1+d=2 + 1k!�k : (5.6)This is equivalent to equation (5.1), except the the physical states fnpg have beenrepartitioned into integer partitions, but not in any physically meaningful way. Thecon�guration vector � does not re
ect the formation of actual clusters in real or mo-mentum space, nevertheless, we can describe \states" of the gas by such partitions, i.e.we can consider the partitions to represent actual states of a physical system whichwhen statistically averaged reproduce the results for an ideal Bose gas.The �rst application of this canonical solution is for the determination of thermody-namic functions. From the above parameter vector, we see that all the thermodynamicvariables are contained in the single parameterx = V�dT ; (5.7)and that the canonical partition function therefore can be written asZn = nXm=0Zn(m)xm : (5.8)These coe�cients Zn(m) are obtained from recursion relationnZn(m) = nXk=1 Zn�k(m� 1)k3=2 + Zn�k(m) ; (5.9)with Z0(m) = �m0. This is arrived at by identifying like powers of x in nZn =Pk>0 kxkZn�k . The usual thermodynamic functions are then given byPV = m1kBT ; (5.10)U = d2m1kBT ; (5.11)CVkB = d2m1 + d24 m2 ; (5.12)SkB = lnZn + d2m1 ; (5.13)



117where mk = �x @@x�k lnZn : (5.14)From this we can immediately derive the virial expansion for the equation of state, whichdescribes the high temperature/low density behavior. In this limit, we can ignore thee�ect of the second term in xk . Then xk = xbk, and the high temperature expansionfor lnZn given in equation (3.35) can be applied, since m1 ! x @@x lnZn, which gives usthe following expansionPVnkBT = 1� �dT n� 1V 12� � �2dT n� 1V 2 �2(n� 2)3� + 2(2n� 3)4� ���3dT n � 1V 3  3(n� 2)(n� 3)4� � 3(n� 2)26� + 4(5n2 � 17n+ 15)8� !+ : : : : (5.15)Figure 5.1: Speci�c heat CV of an ideal Bose-Einstein gas.

The virial expansion introduced above was �rst computed by a di�erent methodknown as a Mayer cluster expansion. It essentially is a mathematical trick of some



118ingenuity which makes computing each term in the series an accounting problem. Sup-pose we are interested in computing the equation of state from the canonical partitionfunction Zn = 1�dnT n! Z ddnr exp8<:�Xi<j vij=kBT9=; : (5.16)Let fij be de�ned by expf�vij=kBTg = 1 + fij (5.17)so that the partition function becomesZn = 1�dnT n! Z ddnr[1 + (f12 + f13 + : : :) + (f12f13 + f12f14 + : : :) + : : : ] : (5.18)Each term in this series expansion can be identi�ed with a graph by associating eachfij in the term with an edge connecting the vertex i to j (i.e. if i � j). We now de�nethe k-cluster integral bk bybk = 1k!�3k�3T V Z ddr1 � � �ddrk Xconnectedk�graphsYi�j fij : (5.19)Mayer [207{209,144] showed that the grand canonical equation of state is given bylnZ = PVkBT = x 1Xk=1 bkzk ; (5.20)n = x 1Xk=1 kbkzk : (5.21)By combining these equations z can be eliminated term by term arriving at the virialexpansion. PVnkBT = 1Xk=1 ak �nx�k�1 (5.22)with a1 = b1 = 1 ;a2 = �b2 ; (5.23)a3 = 4b22 � 2b3 ;



119etc.Historically4, Mayer's theory was motivated by limitations of the van der Waalstheory of non-ideal gases presented in his 1873 dissertation [301]. Shortcomings of thistheory led Heike Kamerlingh Onnes5 in 1901 to suggest that certain unphysical aspectsof the van der Waal's equation of state might be removed if a complete expansion ofPV=nkBT in ascending powers of � were made. This is the virial expansion for a non-ideal gas, but no practical method for theoretically computing the expansion was thenknown. H.D. Ursell [300], in 1927 suggested how to go about about calculating thecoe�cients systematically, and J. Yvon [316] in 1935 and Joseph Mayer [207{209,144]in 1937-38 introduced the above described cluster expansion method to implement sucha systematic evaluation.There are three interesting comments that should be made. First, this was the �rstsuccessful attempt to improve upon the van der Waal's equation of state since its intro-duction �fty years earlier. Second, this work represents the �rst graphical perturbationseries, a decade or so before Richard P. Feynman [98] made such approaches popularin the context of quantum electrodynamics (QED), a noteworthy fact which is oftenoverlooked today. Mayer realized that the virial equation of state was a perturbationexpansion in the fij 's, and invented some of the apparatus that was to �nd much widerapplication in QED later. For example, the reduction an expansion over all graphs tothe exponential of an expansion over only the connected ones, a general phenomenonknown as the linked cluster theorem, is due to Mayer, but is equally applicable toquantum �eld theory. Third, the Mayer cluster expansion, although introduced for aclassical system, can be extended to intrinsically quantum systems. B. Kahn and G.E.Uhlenbeck [157] generalized this work to quantum mechanical systems, and showedthat the expansions are usually impossible to solve exactly, in contrast to the classicalcase. T.D. Lee and C.N. Yang [68] generalized it to systems obeying Bose-Einstein andFermi-Dirac statistics.4This historical interlude draws substantially from George E. Uhlenbeck's Lectures in StatisticalPhysics [299].5Onnes is famous for liquefying helium in 1908.



120For the purpose it was invented for, the Mayer cluster expansion is ideal, but asigni�cant simpli�cation can be made using some results from canonical Gibbs models.In terms of Gibbs models, Mayer showed that the canonical partition function in theregion where the virial expansion is valid is a Gibbs partition function with xk given byxk = xbk : (5.24)For example, the Bose-Einstein gas in d dimensions has bk = k�1�d=2 and x = V=�dTin the large x limit. Using the large x expansion for lnZn given by equation (3.35)and the list of microcanonical partition functions Z(n�r)n given by equation (3.34), thegrand canonical ensemble can be avoided, and the term by term inversion eliminatedin �nding ak.Comparing equation to equation (5.24) to equation (5.5) in three dimensions forexample shows the virial expansion can't be valid at small x. At some x therefore thepredictions of the virial expansion must become incorrect. Although this transitioncould happen smoothly, the breakdown of the virial expansion instead happens in arather spectacular fashion. As is well known, an ideal Bose-Einstein gas condensessuddenly as the temperature is dropped (or the density increases) in d > 2 dimensions,a phase transition in which the zero momentummode or ground state is populated witha �nite fraction of the particles of the system. Bose-Einstein condensation is of muchrecent interest due to its experimental observation in ultra-low temperature solids (July14th 1995, Science). It also �gures prominently in descriptions of low temperature 4Heand its � phase transition. In an ideal Bose gas, such condensation can occur whenthe thermodynamic parameter x drops below a certain value, at which point the zeromomentum state, or \condensed" state becomes partially populated and the gas is saidto undergo a phase transition. This happens at x = xc = n=�(d=2).6 In terms of V; T ,this de�nes a critical temperature and volume (or density) by,kBTc(V ) = h22�m � nV �(d=2)�2=d ; (5.25)Vc(T ) = n�dT�(d=2) : (5.26)6See Huang [149], page 286 for a derivation of this fact.



121When d � 2, xc = 0 and no phase transition is observed. This phase transition is �rstorder because there is a latent heatL = 52 �(1 + d=2)�(d=2) kBT (5.27)associated with removing a particle from the condensed phase. Theoretically, it can beseen as a cusp in the speci�c heat in the thermodynamic limit (n; V !1; n=V �nite),i.e. CV � jT � Tcj�� ; (5.28)The speci�c heat at both �nite and in�nite n is illustrated in �gure 5.1. Gunton andBuckingham [131] have computed the critical exponents for this phase transition fromthe thermodynamic point of view, three of which are � = 2� d, � = 1=2, 
 = d� 1=2,From the point of view of section 4.3, these exponents are de�ned di�erently, giving� = 1� 2=(d� 2), � = 1, 
 = 2=(d� 2)� 1.5.2 Polymers and gelationPolymers represent one of the earliest applications of the Gibbs model. The idealBose-Einstein gas theory was presented earlier, and Mayer's cluster expansion made itsrelation to clustering apparent, but Walter H. Stockmayer [283,284] appears to be the�rst to apply the model to an actual system (polymers in solution) that aggregates andfragments. His model is entirely analogous to the Mayer cluster expansion, which hecredited, except that the clustering in his model is more than a helpful mathematicaldevice, it is the essential physics. In his seminal paper, he also realized the needto introduce vector partitions when considering systems with more than one type ofindistinguishable particle, and results for one, two and three kinds of objects (functionalunits in his language) are included. Stockmayer used the maximal entropy approachto \solve" the Gibbs model, specifying that the equilibrium distribution is given bythe states with the largest entropy, which is equivalent to applying the grand canonicalensemble. He seemed to be unaware that recursive solutions to the problem existed, butsince computing machines were not available at the time, it is understandable why this



122is the case. However, unlike the case of the ideal Bose-Einstein gas, the exact recursivesolutions for polymers have not been entirely ignored. R. Botet7 and R. Jullien [40]recognized and used the microcanonical solutions in 1984, and Frank P. Kelly [164] usedthe canonical model in 1979.Polymers are long chains of organic molecules connected by bonds formed betweenthe functional units that comprise the chain. The number of functional units is kept�xed, as is the total number of polymers, since each polymer of size k has k� 1 bonds(intramolecular reactions are excluded) which implies the energy of the system is givenby Xk "(k � 1)�k = "(n� r) ; (5.29)which should be constant. Since n is already �xed, r must be �xed and the ensem-ble should therefore be microcanonical. Typically the number of functional units issu�ciently large that a grand canonical ensemble or canonical ensemble can be usedwith chemical potentials chosen so that n and r produce the microcanonical values inensemble averages.8One way to model polymers is to assume a Markov process, as shown by Frank P.Kelly [164] (chapter 8). There, Kelly assumed that the molecules combine to formpolymers by forming bonds between molecules, up to a maximum of f bonds on asingle molecule. He also assumed that the shape of the polymers are distinguishable,so the fundamental con�gurations are more complicated than just partitions. However,these �nal con�gurations can be mapped onto partitions just as permutations and setpartitions could be mapped onto partitions (section 2.1.2). If existing bonds betweenfunctional units break at a rate � and new bonds form at rate proportional to thenumber of sites available for new bonds, Kelly showed that the equilibrium polymerdistribution for polymers divided into partition classes is given by the canonical Gibbsensemble with parameter vector given byxk = � fk(fk � k)!k!(fk � 2k + 2)! ; (5.30)7R. Botet who began his work in polymers is now active in nuclear fragmentation modeling [41].8See section 4.3.2 for a discussion of the limitations of this approach.



123a result originally due to Stockmayer who argued from a combinatorial point of view,which we will discuss below. This is known today as the RAf model, for f -functionalrandom polycondensation. If f tends to in�nity then we have the RA1 model, givenby (ignoring the fk term which does not a�ect the canonical distribution).xk = �kk�2k! � �p2�ekk�5=2 : (5.31)Notice that asymptotically, this is the same xk as in the high temperature ideal Bose gasin three dimensions (the ek term does not a�ect the canonical distribution). Typicalpolymer yields of the RAf model are given in �gure 5.2. More general models areknown as AgRBf�g for models with g functional groups of type A, f � g of type B. ForARBf�1 we have xk = � (fk � k)!k!(fk � 2k + 1)! ; (5.32)and for ARB1 we have xk = �kk�1k! : � �p2�ekk�3=2 : (5.33)These models are typically derived from the kinetic kernel method, introduced byJohn Spouge [278] as a complement to the combinatorial method of Stockmayer. Inthis method, one assumes wk = xkk! is the number of ways of forming a k-mer from kdistinguishable functional units, and aij is the number of di�erent bonds that may beformed between an i-mer and a j-mer. This combinatorial object must satisfy2(k � 1)wk =Xj  kj!aj;k�jwjwk�j ; (5.34)since the LHS is the number of ways of assembling a k-mer, choosing one of its k � 1bonds and one of the polymers induced by cutting the bond, while the RHS is thenumber of ways of taking k units, forming two clusters one of size j and one of sizek � j, and then choosing a bond to combine them to form a k-mer. So aij determinesxk from the above relation. It can be shown that all the above models are examples ofaij = A+ B(i+ j) + Cij. For example, the RAf model is given byaij = (2 + (f � 2)i)(2+ (f � 2)j) : (5.35)



124Figure 5.2: Expected mass yield kh�kin of polymers for the RAf model. Here n = 50,f = 3 and � ranges from 20 to 50. Compare this behavior with �gure 4.2(d).

This approach simpli�es the determination of wk and the partition functions whencompared to Stockmayer's original derivations or Kelly's canonical method.To solve this model, we will apply the maximal entropy approach. We assume theequilibrium distribution is given by the most probable con�guration h�imaxS . Lagrangemultipliers�; � are introduced tomaintain conservation of n; r, and so the most probablecon�guration is given by the maximum of lnW (�)� �n � �r, i.e.9max�(n) 0@lnYj x�jj�j ! � �Xj j�j � �Xj �j1A ; (5.36)which is speci�ed by h�jimaxS = xje��j�� ; (5.37)which is the same answer that the grand canonical approach would have given withxk = (wk=k!)e��k�� , i.e. the Lagrange multipliers are the chemical potentials which9The maximum of ln f(x) and f(x) are the same since ln f is a monotonic function of f , so wecan maximize over ln f or f . Taking the natural logarithm in this case simpli�es the computationsigni�cantly.



125regulate hni, hri in the grand canonical ensemble. Denote by z = e��, x = e�� thefugacities and by F = � lnZ = �Pj(wj=j!)e��j�� the \free energy". Let � denoter=n and � the extent of reaction,� := � rn� ; (5.38)� := �2(n� r)fn � = 2f (1� �) : (5.39)Thus F = �hri ; (5.40)zF 0 = z @@zF = �hni ; (5.41)which implies that the �rst derivative of F is given byF 0 = F 1�z : (5.42)Let us rewrite equation (5.34) for the bilinear case �ij = A+ B(i+ j) + Cij,2(k � 1)wkk! = Xi+j=k wij! wjj! (A+ B(i+ j) + Cij) : (5.43)Multiplying both sides by e��k�� and summing over k yields�2zF 0 + 2F = �AF 2 + 2BFzF 0 + C(zF 0)2� =x ; (5.44)which gives an exact expression for F (x; z), namely:F = �2x�(1� �)A�2 + 2B� + C (5.45)Di�erentiating equation (5.44) yields an expression for the second derivative of F ,�2zxF 00 = 2AFF 0 + 2B(FF 0 + z(F 0)2 + zFF 00) + 2C(zF 0)(zF 00 + F 0) (5.46)which after some manipulation yields an exact expression for the second derivative ofF (x; z) F 00 = 4(1� �)2((A+ B)� + B + C)x(A�2+ 2B� + C)2((A+ 2B)�2 + 2C� � C) (5.47)



126As in an ideal Bose-Einstein gas, there is a phase transition gelation which occurswith the formation of very long polymers. Gelation is a phenomenon in which part ofthe solution solidi�es, forming a colloidal suspension (or jelly) in the liquid, and occurssuddenly in materials in which the formation of branched-chain polymers is allowed.Stockmayer summarized the understanding of the phenomenon succinctly,Reactions which can lead only to unbranched linear chains yield productswhich are always soluble in suitable media, regardless of the extent of thereaction, and as the reaction proceeds the change from a 
uid to a plasticmaterial is gradual. On the other hand, if frequent branching of chains isstructurally permissible, as for example in the glycerol-phthalic anhydridereaction, the material gels suddenly at a certain critical extent of reactionwhich appears to depend on the composition of the reacting mixture butnot on the temperature at which the reaction is carried out.10The sudden change in properties of the material suggest a phase transition. ConsiderStockmayer's RAf model. The free energy and its �rst derivative speci�ed by equa-tions (5.45) and (5.42) are free from singularities in the physically meaningful range ofparameters (� = 1 � f=2 < 0 is an unphysical singularity), but its second derivativedoes have an additional singularity at �c = (f � 2)=2(f � 1) < 1=2 for f > 2. Thisimplies a phase transition if f > 2 at the critical extent�c = 1f � 1 : (5.48)This is similar to the Bose requirement that d > 2 for a phase transition to occur, andagrees with Flory's earlier work [109,112], which treated the problem in an intuitivepercolative approach.Since asymptotically the theory is identical to an ideal Bose gas in three dimensions,its critical exponents should be the same, and indeed, � = �1, � = 1, 
 = 1 � = 1=2,� = 5=2 (cf. Stau�er [280]).10 [283], page 45.



1275.3 Liquid 4He and the � transitionFigure 5.3: Permutations among objects. Left-hand side of graph shows a group ofparticles and a permutation operator as it would act on the particles. Right-hand sidegives cluster interpretation of the same permutation.
In 1908, Heike Kamerlingh Onnes liqui�ed helium, a technical achievement which was tolead to the discovery of superconductors a few years later. It was not until 1938 however,that liquid helium itself became of interest with the discovery of the \super
uidic"properties of the liquid during attempts to measure its viscosity by P.L. Kapitza [158]and J.F. Allen and Misener [10].11 They discovered that at 2.17K liquid 4He undergoes aphase transition in which part of the 
uid apparently moves with zero viscosity. Namedfor the shape of the experimental speci�c heat curve for this transition, the � transitionhas interested physicists since its discovery. At that time a number of theories wereproposed, from the phenomenological two-
uid model due to L. Tisza [294] to the moredetailed models of Fritz London [190{192], Oliver Penrose and Lars Onsager [237], andLev Landau [178,179]. In this section we give some of the results of Richard Feynman'slater theory [100, 99, 101, 102] for the � transition from the 1950s, which we shall see11See Donnelly [78] for a historical review of the discovery of super
uidity



128reduces to a Gibbs model.12 It should be noted that Feynman's model as presented hereis inadequate in explaining the phenomena. This is due to the approximations made to\solve" the model, and if these approximations are done more carefully, a more robusttheory results. Kikuchi et al. [165, 166] has done such an analysis, and more recentlyCeperley and Pollock [56] have done an exact evaluation.The starting point is the partition function obtained by a path integral [98], givenby equation 11.52 in [102]e�F=kBT = 1n! �2�m0kBTh2 �3n=2� XP2Sn Z d3R1 � � �d3Rn�(R1; : : : ;Rn) (5.49)� exp(�m0kBT2~2 Xi (Ri � P (R)i)2) ;where n is the total number of helium atoms, m0 is the e�ective mass, Ri the coor-dinate of the ith helium atom, �(R1; : : : ;Rn) is the potential contribution and P isthe permutation operator. A given permutation among the particles is illustrated in�gure 5.3, and can be visualized as the atoms being connected by a set of edges, theedges forming polygons (cycles) of various sizes (cycle lengths). After some algebra andapproximations, Feynman reduces the partition function toe�F=kBT = X�(n) nYk=1 x�kk�k! ; (5.50)where xk = 8><>: n k = 1 ;yk � nck5=2 + 1k� k > 1 ; (5.51)and y = l expf�m0d2kBT=(2~2)g, l is the number of nearest neighbors per lattice site fora particular choice of spatial discretization, and c is a proportionality constant close toone dependent on the discretization. This result can be partially understood as follows.Only permutations which permute local atoms contribute signi�cantly to the partitionfunction. We can consider one k-cycle of such a permutation as a random walk from12Feynman's work in condensed matter physics, especially his contributions to the theory of liquidhelium, is discussed in an excellent article by David Pines [238].



129one atom back to itself. Starting at a given atom, there are lk random walks in k steps,and the fraction of these that return to their starting point is inversely proportional tothe volume in which the random walk is likely to end, or k�3=2. We have overcounted,since any point on the cycle could have been the starting point, so the number of walksis proportional to k�5=2. This random walk result is then corrected for the very largepolygons that encompass a large fraction of the sites. This determines the form for xk,as given above.This model is a Gibbs type model and was arrived at essentially because of theconnection between permutations and integer partitions as shown in section 2.1.2 andsome properties of random walks in three dimensions. Interestingly, comparing theresults of this section with those of section 5.1, we see a strong parallel between Bosecondensation and this model for the � transition. If y � 1, c = 1 the forms for xk inthe two models would be exact except for x1. But Feynman did not start out tryingto model liquid helium as a gas, and the closeness of the two models is therefore moresurprising than might otherwise be thought. As a result even with y di�erent thismodel has the same speci�c heat curve as an ideal Bose gas, with its characteristiccusp. The discontinuity seen in \real" liquid helium is due to the interactions whichin this treatment have been grossly approximated. Later we will see that the model isalso fairly close to a model for nuclear fragmentation proposed.5.4 The frequency of alleles and Ewens' sampling formulaOur next example is from population genetics [93]. We begin by supposing we havean in�nite number of allelic types A1; A2; : : : which may occur on a gene at a locusA. We assume a mutation rate u to new allelic types (not previously seen) and thatall allelic types are selectively equivalent. Suppose at time t, alleles A1; A2; : : : appearnt1; nt2; : : : at the locus., then the probability that they will appear at time t+ 1 withnumbers nt+1;1; nt+1;2; : : : with nt+1;0 new mutant genes isM !unt+1;0nt+1;0! Yj�1 (nt;j(1� u)=M)nt+1;jnt+1;j ! ; (5.52)



130with M = Pj nt;j . Eventually, any speci�c allele will disappear, but allelic patternsmay persist. In other words, the state at time t can be described by the partition� = (�1; : : : ; �M) where �j is the number of allelic types which are each representedby exactly j genes. This model is referred to as the Wright-Fisher model.A lot of population genetics can be inferred from the above model, but we imme-diately move to a sampling formula based on the above process. Suppose a sample ofn genes is taken at random from this population. What is the probability a particularpartition will be seen? Warren Ewens, in a classic paper [92], conjectured thatPr(�) =  � + n� 1n !�1 Yj�1 1�j ! ��j��j : (5.53)where � = 2Mu. S. Karlin and J. McGregor [160] proved the correctness of this result,and readers interested in the proof should refer to the original papers. For our purpose,it is enough to note that this is equivalent to a Gibbs weight with xk = �=k.The story could well end there in this chapter of applications of the Gibbs model,but the Ewens' sampling formula has many properties which suggest it is much moreimportant than an isolated example of a canonical Gibbs ensemble model. First of all,several other models from population genetics when sampled reduce to this distribution,although � may be rede�ned. This is not surprising in view of later research. Indeed,J.F.C. Kingman a few years after the discovery of Ewens' formula observed that it isin some sense unavoidable. He argued as follows. A sample of n genes could have comefrom a sample of n + 1 genes in which one of the genes was lost. Clearly the n + 1sample should have the same distribution as the n sample, so if � is a partition of nand Pr(�) is the partition probability, thenPr(�) = �1 + 1n + 1 Pr(�1 + 1; �2; : : :) + n+1Xr=2 r(�r + 1)n + 1 Pr(: : : ; �r�1 � 1; �r + 1; : : :) :(5.54)Ewens' formula does satisfy this, but so do other formulae. Kingman then argued thatthere should exist a \non-interference" condition, de�ned by the requirement that if agene is taken at random from the sample, and all r genes of its allelic type removed,the probability distribution of the remaining n � r genes should be that of an originalsample of n�r genes. Put another way, suppose we can't see a particular gene, because



131our sampling technique is insensitive to those genes. Then non-interference says thatour inability to detect that gene shouldn't a�ect the distribution we see of the othergenes. Mathematically, this requiresr�rn Pr(�) = C(n; r) Pr(: : : ; �r � 1; : : :) ; (5.55)where C(n; r) is independent of �. Kingman showed that the only representable13partition distribution which satis�es both these conditions is Ewens' sampling formula.In population genetics it seems, all roads lead to Ewens' sampling formula. We shallreturn to this fact in our discussion of isobaric and isotopic equivalences in nuclearmodels (section 6.2.2).5.5 Social group dynamicsOn entering a large hall �lled with people (say for a high school reunion), one is struckwith a variety of choices to make. Instinctively one tends to seek out an existing groupof people (perhaps old friends) who are amicably chatting and laughing, and after someintroductions settle in to the conversation at hand. After time you may leave the groupto join another, or perhaps retire to a reclusive corner for a time to re
ect on somethoughts in private (gee, I never expected him to become a doctor, etc.).A physicist with sociological ambitions14 might try to understand the politics anddynamics of group formation in this high school reunion with a simple model. Exceptat the beginning and end of the event, the number of people is more or less �xed, and atany time there are �1 people alone, �2 people in groups of two, etc. A Markov processthen determines the dynamical formation and dissolution of groups. Let's assume thatat any point in time only one thing can happen: a person can leave one group and joinanother group, i.e. there is a transition operatorT jk� = (: : : ; �j�1 + 1; �j � 1; : : : ; �k�1 � 1; �k + 1; : : :) ; (5.56)13This is a highly technical condition. Physicists and biologists may substitute the word \reasonable"without loss of meaning. Mathematicians are advised to review Kingman's original papers.14Not necessarily to be confused with the author.



132where T jk speci�es that a person leaves a group of size j and joins a group of size k� 1(T kj is its inverse). Suppose these events happen at a rateq(�; T jk�) = 8><>: �j�k�1�jk k > 1 ;�j�j1 k = 1 ; (5.57)i.e. the rate is proportional to the number of existing groups size, times some (to bedetermined) parameters. Now assume that the equilibrium distribution is speci�ed bya Gibbs model and that detailed balance holds (i.e. equations (4.45) and (4.44) hold),then it is a short computation to show thatxjxk�1�jk = xkxj�1�kj ; (5.58)with x0 = 1. So what choices of �jk satisfy this requirement. Clearly �jk = xkxj�1,�jk = (xjxk�1)�1, �jk = xj�1xj , and �jk = xkxk�1 are possible solutions. The last two ofthese are interesting, since they imply that there exist solutions in which the transitionrates are independent of the size of the group someone is either joining or leaving. Areasonable approximation might be to expect people to join groups independent of thesize of the group they were just in, which suggests the last of the four solutions isa candidate for a model of social dynamics. For example, suppose after leaving thegroup, the person is equally likely to join any existing group, or start a new group.Then �jk = 1:0 and xk = 1:0. The distribution of group sizes is easy to calculate inthis case. Another interesting solution is �jk = k which suggests people are more likelyto join larger groups. In this case, xk = k! determines the equilibrium solution.There are many more aspects which drive social dynamics than just group size,one of which might be the gender mix of existing groups. Perhaps social dynamicstries to distribute men and women equally among the groups, or alternately in somecircumstances, tends to segregate the men and women into separate groups. In thisformalism, such dynamics can be explored by using a bipartite Gibbs model where onecomponent is women and the other is men. Such models would not di�er markedly fromthe one above. Other distinctions between the members of the groups can be exploredlikewise.In conclusion, it may be reasonable to assume that the underlying social dynamic



133driving group formation can be encapsulated in a canonical Gibbs model. Expectedgroup sizes and compositions could be made from such a model and the results shouldbe of at least theoretical value to sociologists interested in groups and group formation.Much more needs to be done however before this can be anything more than a toymodel.5.6 Minimal information and statistical shatteringThe next chapter discusses the fragmentation of nuclei in detail, but the followinghistorical model of nuclear fragmentation is of interest since it reduces to an equipar-titioning model. This model was introduced to describe the shattering of nuclei inanalogy with the shattering of glass spheres. The shattering of glass is poorly under-stood, but empirically it is known that the distribution of fragments is approximatelya power law in the fragment size. Since early nuclear fragmentation data also showedthis power law behavior, J. Aichelin and J. H�ufner [5] proposed to reproduce this be-havior by applying a maximum likelihood or minimum bias principle. In other words,they assumed that the fragmentation pattern de�ned by the probability of observing aparticular fragmentation event Pr(�) tended to minimize the information content15 Ide�ned by I = X�(n)Pr(�) lnPr(�) : (5.59)Clearly this minimum occurs when all the probabilities are equal, which implies anequipartitioning model (section 3.2.2) with xj = 116.Aichelin and H�ufner only allowed states which satis�ed charge conservation, butother modi�cations are no more di�cult to impose. Y. Shibata and T. Fujita [270]additionally imposed energy conservation and G. F�ai and A.Z. Mekjian [95] tried toimpose the principle on microstates which included the momentum and position of thefragments as well. Kim Sneppen and R. Donangelo [275] explored the general problem15The information I is the negative of the informational entropy, so a minimal information principleis equivalent to a maximal entropy principle.16This was deduced originally from the asymptotic behavior, see Aichelin and H�ufner [6] and L.G.Sobotka and L.G. Moretto [276].



134implicit in these generalizations: How is the probability of macrostates (e.g. Pr(�))a�ected by a minimal bias principle applied to the microstates? They concluded that\coarse graining" of the microstates leads to macrostates with probabilities equivalent tothe Copenhagen model [37, 38] with some reasonable additional restrictions. As such,interest in strictly information-theoretic models of nuclear fragmentation has faded,although Sneppen applied the idea to vector partitions [274] and R. Englman [89, 90]has surveyed the usefulness of the method in many other areas in physics. The moregeneral equipartition model with xj = x (i.e. a non-minimal distribution when x 6= 1)has also been explored by Chase and Mekjian [59]. It's characteristic distribution ofcluster sizes is shown in �gure 5.4 for various x.Figure 5.4: Expected mass yield kh�kin in for the equipartition xk = xmodel at n = 100and x = 0:2; 0:5; 1:0; 1:4; 2:0.

Without particular assumptions about coarse graining, the minimal bias principleleads to models which fail to approximate the actual data from nuclear fragmentationexperiments, so recent models of nuclear fragmentation make di�erent assumptions,resulting in models closer in spirit to the Gibbs model. But equipartitioning models



135Table 5.1: Number of involutions or Young tableaux tn for n = 1(1)10.n 1 2 3 4 5 6 7 8 9 10 11 12tn 1 2 4 10 26 76 232 764 2620 9496 35696 140152sometimes do appear in physics, for example in energy level density calculations [263,127]. Nevertheless, information theoretic concepts may still have some utility in nuclearfragmentation. For example, section 4.1.4 evaluates the information content for a Gibbsmodel which suggests the appearance of critical phenomenon may be signaled by amaximization of the informational entropy.5.7 Involutions, Young tableaux, and Gibbs-equipartition interpola-tionsInvolutions are permutations which are their own inverses. The number of involutionson n elements tn is also the number of distinct Young tableaux on n elements [272], andso this number is of some interest to both physicists and mathematicians. The numberis speci�ed by the following exponential generating functionXn�0 tnqnn! = exp(q + q22 ) ; (5.60)and table 5.1 list �rst few such numbers. Although much more could be said aboutthese objects, it will su�ce to point out that they arise in a particular separable modelwhich tries to interpolate between the Gibbs and equipartition models.Recall that for the Gibbs model, the partition function satis�es @Zn@xk = Zn�k andfor the equipartition model, @Zn@xk = Ps�1 xs�1k Zn�ks . Suppose, we want the followingderivative rule to hold for a model,@Zn@xk = Zn�k(x) + xkZn�2k(x) : (5.61)This is like the equipartition rule, only cuto� after two terms. The Gibbs derivative rulecould be said to be the equipartition rule, except only cuto� after the �rst term. In thissense, such a model could be said to interpolate between the Gibbs and equipartitionmodels, and in fact it is for that reason that the rule was proposed. Reviewing the



136formalism of the separable model (section 3.2.3) we see that this derivative rule is truefor a separable model speci�ed bygk(n) = 8><>: 1 n = 0; 10 otherwise : (5.62)Using Gj(x) = Pn gj(n)xn = @@x lnFj(x), this can be true if Fj(x) = Pn fj(n)xn =expfx+ x2=2g, i. e. if fj(n)=n! is the number of involutions on n objects. So a weightgiven by W (�) =Yj t�jx�jj�j ! (5.63)lies somewhere between the two models (since 1 � tn � n!) and satis�es equation (5.61).The usefulness of this model as more than a mathematical curiosity is however debat-able.5.8 Counting classes of graphs and digraphsWe have already seen a simple example of the interacting Gibbs model used to describean ideal interacting Boltzmann gas in section 4.1.2. Here we show an example frompure mathematics that also uses this model. Proofs are not given, but can be found inTomescu [295] and are in fact simple applications of Burnside's lemma (see page 35).A graph G = (V;E) is a set of vertices V with edges E connecting the vertices. Inan oriented graph (or digraph) the edges have a direction from one vertex to the second(called arcs). A loop-free graph is a graph in which there is not more than one pathfrom any vertex to any other vertex. With these de�nitions we can now introduce thetwo results.Theorem 5.8.1 The number of non-isomorphic loop-free digraphs with n nodes isgiven by DLFn = X�(n)0@Yj�1 1(2j)�j�j !1A 2Pjk �j�k gcd(j;k) : (5.64)



137Theorem 5.8.2 The number of non-isomorphic loop-free graphs with n nodes is givenby GLFn = X�(n)0@Yj�1 1j�j�j !1A 2 12 (Pjk �j�k gcd(j;k)�Pj odd �j) : (5.65)Obviously these are examples of the interacting Gibbs model (section 3.2.4). Forloop-free digraphs, the parameters are given byxj = 2j2j ; (5.66)yjk = 4gcd(j;k) ; (5.67)and for loop-free graphs, the parameters are given byxj = 8><>: 2(j�1)=2j j odd2j=2j j even ; (5.68)yjk = 2gcd(j;k) : (5.69)Table 5.2 lists these numbers for n � 12, which were obtained by direct evaluationof the above identities. Since no method better than direct enumeration is known forinteracting models, we do not pursue these models further.Table 5.2: The number of non-isomorphic loop free graphs and digraphs for n = 1(1)12.n GLFn DLFn1 1 12 2 33 4 164 11 2185 34 96086 156 15 409447 1044 8820 334408 12346 179 33591 928489 2 74669 13 02795 68243 9955210 120 05168 3 41260 43195 29725 8035211 10189 97866 3 25229 09385 05588 61111 9744012 16 50911 72592 11 36674 54308 25400 57443 38940 04224



138Chapter 6Thermodynamics of nuclear fragmentationUnder excitation from su�ciently energetic heavy-ion or proton collisions, nuclei frag-ment into a collection of isotopes which are not directly related to the parent nuclei.Unlike the usual picture of direct reactions of nuclei �ssioning into products with strictbranching ratios for the expected products, an increase in beam energy causes the prod-ucts to be a mixed collection of seemingly unpredictable isotopes, known as complexfragments. Experimentally, these events were observed in the 1950s [116], but there waslittle interest in these now termed intermediate energy events until the early 1980s whenthe availability of higher energy beams and better detectors sparked a renaissance inexperimental work [105,221]. Today, a number of experimental groups routinely collectfragmentation data using sophisticated 4 � detectors1 which allow much of the fragmen-tation event to be reconstructed, such as ALADIN [150,241] and FOPI [9,145] at GSI,MINIBALL [236] at Michigan State, AMPHORA [76] at Grenoble, INDRA [43,265] atGANIL, and FOBOS at Dubna.The improved experimental situation has encouraged substantial theoretical re-search, and a number of theoretical models have competed to explain the experiments.These models can roughly be grouped into two categories, namely statistical and dynam-ical. Statistical theories attempt to explain the outcome as the statistical equilibriumor steady-state of some process which itself might not be speci�ed. For example, manymodels assign probabilities for the emission of fragments based on thermodynamic ar-guments. Dynamical theories attempt to model the outcome by directly simulatingthe dynamics of colliding nuclei, i.e. by simulating the process itself. The nucleons14 � corresponds to the surface angle covered, i.e. fragments emitted at all angles are detected in a4 � detector.



139are assumed to obey some particular transport theory, such as the Boltzmann-Uehling-Uhlenbeck equation.This chapter explores the statistical point of view for this phenomenon.2 After thecollision the excited hadronic matter expands until the fragments \freeze-out" fromthe heated matter. It is assumed that the �nal con�guration of the nucleons is dueto a statistical fragmentation process occurring at or near the freeze-out density andtemperature. Certainly the validity of this assumption is questionable3, since thereis little time for an equilibrium to be established, but the results of the analysis aresu�ciently good to suggest that the statistical approach is not without merit, and it ispossible to assume that the distribution of fragments due to another non-equilibriumprocess may be similar. In other words, this chapter treats the detailed mechanismof the disassembly of nuclear matter as perhaps inaccessible, but assumes it can beapproximated by some equilibrium process.Section 6.1 discusses early attempts to model nuclear fragmentation using statisticalmodels dating back to the early 1980s. Although some of these models were abandoned,key concepts were introduced which continue to be relevant today. Section 6.2 discussesmass (6.2.1) and isotopic yields (6.2.2) from nuclear fragmentation experiments and the-ories. Relatively simple vector Gibbs models are shown to be able to explain the generalfeatures of the experimental yield curves. Furthermore, the models can often be reducedto the simpler integer partition models. This simpli�cation, though not strictly needed,simpli�es future discussions about phase transitions and thermodynamic properties,and connects this theory to sampling theories from population genetics. Section 6.3discusses the thermodynamic aspects of one class of models, determining explicit for-mulas for the thermodynamic functions, such as the internal energy and speci�c heat(6.3.1), the pressure and compressibility (6.3.2) and the entropy and thermodynamicpotentials (6.3.3). Section 6.4 explores the various phase-transitional regions of themodel, distinguishing the liquid-gas transition (6.4.1) from Bose-Einstein condensation2For some dynamical points of view, see J. Aichelin [2] and S.R. Souza, et al. [277].3Indeed, some researchers claim that there is signi�cant evidence for \multifragmentation", thenon-binary simultaneous fragmentation of nuclei. The assumption of thermalization still has manyadherents though, see S.J. Yennello et al. [315] for example, for experimental evidence.



140(6.4.2) and percolative transitions (6.4.3). Section 6.4.3 in fact compares this Gibbs ap-proach with results from three dimensional bond percolation theories, which is a popularmodel used to explain current experimental data. Remarkably, the Gibbs model repro-duces some of the best features of the percolation theories, and arguably can reproducemass yield data better. Section 6.5 sketches how to apply fragmentation concepts tothe higher energy states in which particle production becomes an issue. Although thereis an explosion in the number of possible �nal states, many of the methods used infragmentation theory can be applied to this case.6.1 A short history of statistical nuclear fragmentationStatistical approaches to nuclear physics have a long history with the compound nu-cleus model of Niels Bohr (1936) [30], the evaporation model of Victor F. Weisskopf(1937) [307], the multiparticle production models of Enrico Fermi (1950) [97] and LevLandau (1953) [180] and the statistical �ssion model of Peter Fong (1956) [113{115]all having substantial statistical foundations. Thermodynamic approaches have alsoenjoyed some early success, such as the phenomenological liquid-drop approach to exci-tation energies of W. Stocker and J. Burzla�(1974) [282], the quasiparticle approach ofW.A. K�upper, G. Wegemann and E.R. Hilf (1974) [177] and the Hartree-Fock approachof G. Sauer, H. Chandra and U. Mosel(1976) [267]. The application of statistical andthermodynamic concepts to nuclear fragmentation, the central phenomenon of inter-est in this dissertation, is more recent. Aram Mekjian in 1977 introduced the �rststatistical model for high-energy collisions [210, 211, 213, 70] which is principally ap-plicable at small excitation energies where the law of mass action can be reasonablyapplied. It's principal feature was the assumption that for central collisions the nucleusshould be su�ciently excited to make a statistical and thermodynamic approach to thephenomenon reasonable.Mekjian's model suggested the essential features of nuclear collisions can be suc-cessfully contained in a statistical framework, and other physicists soon proposed sim-ilar models. G. R�opke, L. M�unchow and H. Schulz proposed a similar approach in1982 [261, 268] including e�ects due to the Mott transition where the bound states



141of nuclei disappear. J�rgen Randrup and Steve Koonin [248, 174] in 1981 expandedon Mekjian's model, introducing a grand canonical model of in�nite nuclear matterrelevant at somewhat higher excitation energies, and G. F�ai and J. Randrup [96, 247]re�ned and extended this model.The fact that nuclear matter is �nite however was not addressed in these earlymodels. G. F�ai, J. Randrup and J.A. Lopez [193, 194] incorporated such restrictionsinto the earlier models, and two other competing models of similar sophistication andintent were introduced in 1982-83 and re�ned in later years, one by the Copenhagengroup4 [36{38,17] of J.P. Bondorf and collaborators, the other by the Berlin group5 [129,130, 317, 318] of D.H.E. Gross and collaborators. These models incorporate as muchof the detailed physics about nuclei as possible, and require Monte Carlo sampling toanalyze. They are in many ways the direct descendents of Fong's �ssion model, andare quite successful in predicting many features of nuclear fragmentation.Around 1984, these existing models were supplemented by a new approach based ondynamical transport theories. These are mean �eld theories which vary in particularassumptions, but all try to simulate the collisions and learn details about some of thetheir dynamical features, especially the type of momentum 
ow. They are identi�edby the speci�c transport model they are based on, such as the Boltzmann-Uehling-Uhlenbeck (BUU) equation [297] proposed for nuclear fragmentation by G.F. Bertsch,S. Das Gupta and H. Kruse [27] and investigated by them and others [3, 118, 121, 19,188]. Other schemes include the the Vlasov-Uehling-Uhlenbeck (VUU) approach ofH. Kruse, B.V. Jacak and H. St�ocker [176, 303], the Landau-Vlasov (LV) approach ofB. R�emaud et al. [253, 124], the Boltzmann-Langevin (BL) approach of S. Ayik andC. Gr�egoire [15, 16] which includes the e�ects of 
uctuations [249,246, 45, 44, 64, 285,319] and the Boltzmann-Nordheim-Vlasov (BNV) equation [233] of A. Bonasera andF. Gulminelli [31, 32]. Quantum molecular dynamics (QMD) proposed by J. Aichelinet al. is a related dynamical theory [262, 8, 7, 4, 2] that has also received signi�cantattention.4Niels Bohr Institute in Copenhagen.5Hahn-Meitner Institute in Berlin



142The minimal information approach, introduced by J. Aichelin and J. H�ufner [5,151], in 1984 is another approach which tried to simplify some of the features of theexisting models. It was shown by them [6] and independently by L.G. Sobotka andL.G. Moretto [276] to be equivalent to an equipartition model. It was motivated bya belief that some aspects of the physics could be understood by a relatively simplemodel, which directly contrasts the approaches taken before then. They assumed thatthe �nal state had a minimal information or equivalently a maximal entropy content.Further details can be found in section 5.6. Kim Sneppen [274] extended this approachto account for the distinguishability of protons and neutrons, and interest in this modelhas never entirely disappeared [95,275]. These models are interesting but unfortunatelydo not explain the experimental data very well. However, the idea of modeling theprocess statistically with a simpli�ed weight scheme determined by some physical ormathematical argument is an appealing one, and is partly adopted here.Another minimalist approach, percolation theory, was introduced in 1985 by XavierCampi and J. Desbois [49,46, 75, 74] and W. Bauer et al. [21, 22, 20] and is still usedtoday in analyzing experimental data [120]. In this approach the fragmentation of nucleioccurs on a 3D lattice. Each bond connecting adjacent lattice sites is broken withprobability p and the resulting connected groups of nucleons form the �nal clusters.Although exceedingly simple, this model agrees substantially with experimental dataand contains several features which appeal to nuclear physicists, for example a powerlaw in the fragment distribution appearing at a critical point pc. Furthermore, themodel has been studied extensively by statistical physicists as it is a close cousin to theIsing model and is one of the simplest systems which exhibits critical behavior.The approach adopted here is to apply the canonical Gibbs model to nuclear frag-mentation. This is principally minimalist, but closer in spirit to the equipartition modelof Aichelin and H�ufner than to the percolation model of Campi, Desbois and Bauer.However, the model can be expanded to include the same detailed physical assump-tions of the Copenhagen and Berlin models, and still remain exactly solvable.6 A.J.6Some aspects of these models break the simple solvable methods discussed in chapter three. Instead,the models need to be decomposed into well behaved partition classes, solved there, and then the



143Cole et al. [66, 65] in 1989 introduced the Gibbs model in the context of nuclear frag-mentation. They discovered it could explain all the current experimental data on massyields if one chose the parameter vector xk a posteori. This however is not surprising,since there are A� 1 independent parameters and A� 1 independent yield points. A.Z.Mekjian [215] independently introduced a Gibbs model of nuclei in 1990 with the a pri-ori chosen parameter vector xk = x=k, arguing it has the qualitatively correct behaviorwith x a single parameter describing the degree of fragmentation. This model was mo-tivated additionally by its \critical" point7 xc = 1 at which the cluster size distributionis a perfect power law, h�kiA = 1=k. Early fragmentation experiments showed power-law distributions, and such distributions were argued to evidence a phase transition innuclear matter. This model was extensively developed and analyzed by him and S.J.Lee in a series of papers [214,217,216,182,184,183] which explored various propertiesand remarked on the models' appearance also in population genetics (cf. section 5.4).Later papers by them have specialized on scaling laws and self-similarity [218,185,186].Detailed quantitative predictions of this model are at a variance with current ex-periments, and as such the more general canonical Gibbs model with xk = x=k� and� � 2:5 has been investigated [59, 61] in an e�ort to improve on the quantitative pre-dictions and introduce a true phase transition into the model. It is this model that isexplored in this chapter, with particular attention to the thermodynamic dependenceof the the parameters.6.2 Charge, mass and isotopic fragmentation yieldsThis section explores the simplest aspect of nuclear fragmentation processes, namelythe charge, mass and isotopic yields. These were the �rst quantities to be studiedsolutions need to be convolved together. Nonetheless, this can still be done without any approximationsbeing made in the canonical ensemble.7This model has no zeroes of its partition function encroaching the positive x axis in the large Alimit, and therefore can have no real critical point or associated phase transition. However, oftentimesin the literature the appearance of a power-law behavior in the cluster size distribution is termed a\critical" point, but this should not be confused with the critical point of a phase transition.



1446.2.1 Charge yields in theory and experimentFigure 6.1: Experimental and theoretical predictions for mass yields h�kiZ vs. k for var-ious Gibbs models for the fragmentation of 19279Au nuclei at 0.99 GeV/nucleon. Table 6.1has detailed information on the parameter vectors used.

Nuclear fragmentation has a characteristic mass yield distribution which is metgenerically by only a few of the above models. For the experiment we will analyze,kh�kiZ drops, then rises. This suggests models with xk = x=k� with � > 1 might besatisfactory if one x is used. Models with two or more x's are considered in [182,184,183].The large k behavior is somewhat indeterminate. It could be rising or falling; there arenot enough events to determine the behavior accurately.This parameter vector with another choice for x could also be used as a model forfragmentation, suggesting a parallel between fragmentation and Bose-Einstein conden-sation. In Bose systems, however, the \clustering" occurs in momentum space, not inreal space. For example, the formation of the large k = n cluster in a fragmentationprocess has its analog in the Bose condensation into the ground state in momentumspace.



145Table 6.1: Fits of experimental data for the fragmentation of 19279Au nuclei at 0.99GeV/nucleon to various Gibbs modelsxk x a � �2x=k 0.296 n/a n/a 78.58x=k� 1.895 n/a 1.817 63.10x(a=k+ (1� a)=k�) 0.93745 0 1.5 65.61x(a=k+ (1� a)=k�) 1.96263 0.0587 2 62.34x(a=k+ (1� a)=k�) 2.61313 0.0747 2.5 61.55x(a=k+ (1� a)=k�) 3.0803 0.0732 3 62.20Fits were made to lnh�kiZ , dropping from the experimental distribution any h�kiZthat were zero due to insu�cient statistics. A previous paper [217] showed that forx = 0:3, the xk = x=k model gives a fairly good �t. Here, we consider the modelswhich parallel models in other areas of physics. Speci�cally, xk = x=k� is considered inanalogy with the Bose gas in d = 2(� �1) dimensions as well as in analogy with variousMarkov process models. Also, xk = x(a=k + (1� a)=k�), with various � is consideredin analogy with Feynman's model for the � transition in liquid helium [100,102]. Theresults are shown in Table 6.1, and in �gure 6.1. For some choice of � , x, and a, eachof these models produced reasonable �ts of the data, and appear to be better than thesimple xk = x=k model, which predicts too small a number of light fragments.How well these proposed models actually �t some experimental data obtained fromheavy ion collider experiments [305]? Data obtained from emulsion experiments for19779Au at 0.99 GeV/nucleon. 415 events were recorded and identi�ed by the charges ofthe fragments, i.e. each event is represented by n = (n1; : : : ; n79) where nz representsthe number of fragments with charge z in a given event. Ensemble averages wereobtained by averaging over all events.Since the experimental method measured only the electric charge of fragments leav-ing the collision, there is some question about how applicable are models developedconsidering only nucleons with no separation into protons and neutrons. Since thenuclear force treats protons and neutrons nearly identically, and the models proposedderived from a combinatorial viewpoint, the models should be identical whether oneincludes the neutrons or not. In fact, it can be shown (next section) that for the simple



146xk = x=k model, the results are the same whether one considers Z nucleons comingout, or whether one considers A nucleons coming out, but only the Z protons can befollowed, such that one must sum over the possible neutron con�gurations to obtainthe expectation values.6.2.2 Isotopic and isobaric yields and equivalencesNuclear matter fragmenting due to a collision can be considered to be a system withtwo varieties of indistinguishable particles (protons and neutrons) which forms clustersof arbitrary content and number from the original protons and neutrons. The statesare therefore described by vector partitions according to the discussion in section 2.1.1.The number of accessible states for a typical nuclear fragmenting system is extremelylarge as can be seen from table 6.2. Since it is impractical to construct all the parti-tions, we should restrict our attention if possible to models which are exactly solvable.Fortunately, as we have seen there are several such models.Table 6.2: Representative values for p(Z +N) and p(Z;N) for nuclear systems.Z N p(Z +N) p(Z;N)10 10 627 5952120 20 37338 3026 7302930 35 20 12558 231 50477 4316740 50 566 34173 6 00944 62493 6163350 70 18443 49560 26953 04447 12166 28606The historical evidence presented in the last chapter strongly suggests a statisticalGibbs model as a candidate for describing such excited nuclear matter, i.e. assume eachpossible fragmentation outcome has the statistical weightW (�) =Yjk x�jkjk�jk! : (6.1)Section 3.2.1 detailed the solution of this model which originally appeared in [58]. Sincethere is a Markov process (see section 4.2.1) that yields this weight which is a possiblepicture of the dynamics of nuclear fragmentation, we can be con�dent that this weightis not unreasonable, and at least represents an approximation to the actual physics.



147In principle, if nuclear systems were governed exactly by the above model, a series ofexperiments could be done to determine the parameters xjk. However, current experi-ments are sensitive to only some of the parameters. Each fragmentation event is oftennot fully reconstructed since experimental detectors are often insensitive to some of thedegrees of freedom. For example, many experiments detect only the charge, not themass of the �nal fragments. In this case, the isotopic degrees of freedom are averagedover by the experiments8, and the �nal states appear as integer partitions of Z, thetotal charge of the system. Typically, it is assumed that in this process the structure ofthe weight is not a�ected even though isotopic information has been lost. That is, theGibbs structure we expect for the isotopic states is maintained for the averaged states.This is a precarious assumption and one which is indeed invalid for a number of choicesof xjk. However, we shall see that this assumption can be justi�ed in a number of caseswe will be interested in.As mentioned in section 2.1.2, two-component models are sometimes equivalent toone-component models. A two-component model is said to be isotopically equivalent toa one-component model if for every function f(�), the one-component ensemble averagehfiZ = X�(Z) f(�)PZ(�) (6.2)is equal to the two-component ensemble averagehfiZN = X�02�(Z;N) f(�(�0))P 0ZN(�0) ; (6.3)where �j(�0) =PNk=0 �0jk. For example, h�jiZ =PNk=0h�jkiZN must hold if two modelsare considered to be isotopically equivalent. This is true if and only ifPZ(�) = X�0!� P 0ZN (�0) ; (6.4)where �0 ! � denotes all partition vectors �0 2 �(Z;N) such that �j =PNk=0 �0jk.If we consider deriving the models over the permutation group, we can de�ne thenotion of permutation equivalence of P 0Z0N 0(p0) to PZN (p) by the conditionPZN (p) = Xp02SZ0+N 0(p)P 0Z0N 0(p0) ; (6.5)8Sometimes this is termed \coarse graining" in the literature.



148where Z 0 � Z, N 0 � N and SZ0+N 0(p) is the set of all permutations p0 2 SZ0+N 0which give p by the following construction. Decompose p0 into its cycle representation.Eliminate the numbers Z + 1; : : : ; Z 0 and Z 0 + N + 1; : : : ; Z 0 + N 0 from the cycles.Renumber the elementsZ 0+1; : : : ; Z 0+N as Z+1; : : : ; Z+N to recover the permutationin SZ+N . In other words, if k is an element to eliminate, �nd j such that pj = k, andmodify the permutation vector so that pj = pk. This removes the element from thepermutation. Do this for all the numbers to eliminate, resulting in a new permutationisomorphic to a permutation in SZ+N . For example, p0 = (1; 5)(3)(4; 6; 2)2 S6 becomes(1; 5)(4; 2) by eliminating 3; 6. After renumbering this becomes p = (1; 4)(2; 3) 2 S4.Permutation equivalence of the weights P 0ZN (p0) to PZ0(p) implies isotopic equiva-lence of the weights Perm(�0(p0))P 0ZN (�0(p0)) to Perm(�(p))PZ0(�(p)), assuming thepermutation weights are only functions of �(p), i.e. all permutations which have thesame partition con�guration or cycle decomposition have the same weight. One par-ticular permutation weight which satis�es this condition is the unnormalized weightWZN (p; z) = Qjk z�jk(p)jk . We will now show that this weight with A = Z+N is permu-tationally equivalent to the Z;N + 1 weight with the same zjk if zjk = zj . This impliesby induction that the Z0 model is permutationally equivalent to the ZN model, andtherefore the two weights corrected by the Cauchy factor are isotopically equivalent.For any permutation p 2 SA, there are A+1 permutations in SA+1(p). One of thesepermutations has the element A + 1 in its own cycle. It has weight WZ;N+1(p0; z) =WZN (p; z)z01. A of the permutations are hybrids, with the extra element combinedwith a cycle from p. Suppose the element is in a cycle of j neutrons, k protons. Theweight of that cycle is WZ;N+1(p0; z) = WZN (p; z)zj;k+1=zjk , since the introduction ofthe additional element has reduced �jk by one, but increased �j;k+1 by one. There arej + k possible places for the element to be inserted into that cycle, and there are �jkcycles of that type it can combine with. So the following is trueXp02SA+1(p)WZ;N+1(p0)WZN (p) = z01 +Xjk fjk�jk ; (6.6)where fjk = (j+k)zj;k+1=zjk . If zjk is independent of k, this reduces to z01+N+Z. Inthis case, we can multiply both sides of the equation by WZN(p) and sum over 8p 2 SA



149to arrive at ZZ;N+1(z) = ZZN (z)(z01 + Z +N) : (6.7)This implies equation (6.5) when substituted back into equation (6.6). So under theseconditions, PZN is equivalent to PZ;N+1. Therefore, PZ0 is equivalent to PZN by induc-tion and transitivity, and the one component weight is equivalent to the two componentweight for xjk given by xjk = xj j + k � 1k ! : (6.8)The partition function for this two-component model isZZN (x) = �(z01 + Z +N)�(z01 + Z) ZZ(x) : (6.9)Notice that at no point was it asserted that these are the only two-componentmodels that are isotopically equivalent to the one-component models. In the previousdiscussion, the key property was the independence of Pjk fjk�jk from �. Perhaps wecould satisfy this with choices other than fjk = j + k. In fact, it can be proven thatthis condition is satis�ed only by fjk = �Aj=Z + (1 � �)Ak=N where � is arbitrary.However, � 2 [0; 1] to guarantee non-negative probabilities in the statistical model.Given zj0, we could then construct permutationally equivalent two-component modelsspeci�ed by � and the recursion relationzj;k+1 = zjk Aj + k �� jZ + (1� �) kN� (6.10)and evaluate the equivalent partition weights using equations (6.1) and (2.38).If we require that the models be isotopically equivalent for any choice of N , theseare the only models given by equations (3.25) and (6.1) that are isotopically equivalent.This is true because isotopic equivalence for any N implies permutation equivalenceof N to N + 1. Permutation equivalence requires Pjk fjk�jk to be independent of �,which can be shown to be true only if zjk is of the form given above. Notice that thiscondition is very similar to Kingman's non-interference condition on one-componentpartition weights [169, 170]. We require that the neutrons do not \interfere" with the



150overall proton distribution, just as in one-component models Kingman required thatthe removal of one gene type does not interfere with the probability structure of theoriginal set of objects.This technique can be generalized to construct an s + 1-component model that isequivalent to an s-component model. For example, if the s-component weight is givenby equation (3.37), then an equivalent s+1-component model is given by the parametervector de�ned by xk1:::ks+1 = xk1:::ks Ps+1j=1 kj � 1ks+1 ! : (6.11)These results provide a simple way of constructing two-component models fromthe one-component models explored in earlier papers. For example, one could applyequations (6.8) and (6.9) to the chain model, xj = x, to construct a two-componentextension of the chain model as developed by D.H.E. Gross et al. [125].Above, a set of conditions for isotopic equivalence was derived. Under these con-ditions, a two-component model reduces to a one-component model with a similarstructure when a summation over isotopes is performed. The complementary notionof isobaric equivalence is treated now, in which a summation over isotopes is replacedwith a summation over isobars (fragments of the same mass).A two-component model is said to be isobarically equivalent to a one-componentmodel if for every function f(�), the one-component ensemble averagehfiZ+N = X�(Z+N) f(�)PZ+N (�) (6.12)is equal to the two-component ensemble averagehfiZN = X�02�(Z;N) f(�(�0))P 0Z;N(�0) ; (6.13)where �i = Pi=j+k �0jk. For example, h�iiZ+N = Pi=j+kh�jkiZN must hold if twomodels are considered to be isobarically equivalent. This is true if and only ifPZ+N (�) = X�0!� P 0ZN (�0) ; (6.14)where �0 ! � denotes all partition vectors �0 2 �(Z;N) such that �j =PZk=0 �0k;j�k .



151Let the unnormalized one-component and two-component weights be Gibbs weightsspeci�ed by xj and xjk , i.e. WZ+N (�) = Qj x�jj =�j!, W 0ZN (�) = Qjk x�jkj;k =�jk!, and letZZ+N ; ZZN denote their partition functions. Suppose that the parameters are given byxjk =  j + kj !xj+k : (6.15)Evaluating the RHS of equation (6.14) in this case is relatively uncomplicated.X�0!� P 0ZN (�0) = X�0!� Perm(�0)�1 Xp!�0 P 0ZN (�0(p))= 1Z!N !ZZN X�0!� Xp!�0Yjk ((j + k)xj+k)�0jk= 1Z!N !ZZN X�0!� Xp!�0Yj (jxj)Pk �0k;j�k= 1Z!N !ZZN Xp!�Yj (jxj)�j = 1Z!N !ZZN Perm(�)Yj (jxj)�j=  Z +NZ ! 1ZZN Yj x�jj�j ! =  Z +NZ !ZZ+NZZN PZ+N (�) : (6.16)Theorem 4.1.3 applied to this case shows thatZZN =  Z +NZ !ZZ+N : (6.17)so equation (6.14) holds.Notice that applying this identity to xk = x=k gives the same result as the two-component generalization based on isotopic equivalence. In other words, this particularbipartite model is both isobarically and isotopically equivalent to the same integerpartition model. This property is probably unique to this model, and as such, recallswork by J.F.C. Kingman [167{172] on the integer partition model, who showed thatit is the unique weight satisfying two conditions, a non-interference condition and asampling condition.The two-component analogs of one-component models given by equation (6.10)could be taken as the starting point for a fully isotopic model of fragmentation. Thesemodels would contain no surprises in their one-component expectation values, andwould provide predictions for the isotopic behavior.This is perhaps too strong a requirement. Equation (6.10) constrains the set ofpossible partition weights, forbidding a number of physically interesting choices for xjk.



152For example, if the symmetric term expf��s(j�k)2=(j+k)g appeared in the parameterzjk , the resulting parameter vector could never satisfy equation (6.10). Since such asymmetry term should appear due to the symmetry term in the binding energy ofnuclei, we should not expect realistic models to be isotopically equivalent to the modelsconsidered in earlier papers.With that in mind, we start with a simpli�ed model of nuclear fragmentation spec-i�ed by the following choice for xjkxjk = x(j + k)�  j + kj ! exp(��s(j � k)2j + k ) : (6.18)We will �nd it appropriate sometimes to modify this when j + k = 1, i.e. to avoid theexponential suppression factor e��s for monomers. Let us specialize to the case � = 1and consider the limiting cases. When �s ! 0, the model becomes the two-componentanalog of the model xk = x=k, which has a closed-form solution.ZA(x) =  x +A� 1A ! : (6.19)When �s !1, xjk is proportional to a Kronecker delta function and the model reducesexplicitly to the one-component model speci�ed by parametersxk = x2k 2kk ! ; (6.20)where k indexes both proton and neutron number, since only symmetric fragments withj = k are allowed. In this case, the partition function also has a closed-form solution(see equation (4.14)) ZA(x) = xx+ 2A x + 2AA ! : (6.21)Models with intermediate values for �s are not as simple as these two limits, but canstill be computed easily. Figures 6.2, 6.3 show the prediction of this model at x = 1and various �s for a symmetric case Z = N = 50 as well as an asymmetric case Z = 50,N = 75. These �gures display the total charge distribution h�jiZ = PNk=0h�jkiZN ,as well as the distribution of isotopes for a particular charge, speci�cally carbon, i.e.h�jkiZN for j = 6.



153Figure 6.2: Overall (a) and Isotopic (b) distribution of fragments for the Gibbs modelspeci�ed by equation (6.18) at Z = 50, N = 50, x = 1, � = 1, and various �s. Isotopicdistribution is for carbon, Z = 6.
The total charge distribution �gures indicate that increasing �s increases the numberof large fragments. This is due to the exponential suppression of asymmetric fragments,which make up a large fraction of the partition space, especially for smaller fragments.The isotopic distribution �gures reveal that the distribution of isotopes is essentiallyGaussian. As seen earlier [274, 18], an initial asymmetry in the relative numbers ofprotons and neutrons yields a similar asymmetry in the distribution of fragments. Thisasymmetry can be diminished by increasing �s and removing the exponential sup-pression from monomer parameters (x01, x10), as was done in the �gures. Indeed, as�s !1, such a model would allow only symmetric fragments and monomers.To this simple model, we can add other e�ects, eventually including all the termsin the semi-empirical mass-formula. For example, nucleon pairing interactions can beadded using the term expf�ppjk=(j + k)g where pjk is 0 for even-odd nuclei, �1 forodd-odd nuclei, and +1 for even-even nuclei. This can be done for all intrafragmentinteractions. Interfragment interactions do not �t the form of equation (6.1) and mustbe handled in some kind of mean-�eld manner in this approach. Coulomb interactionsare the only persistent long-range interactions in the thermalized phase. Suppose eachfragment interacts with all the others via the Coulomb interaction. This contributes



154Figure 6.3: Overall (a) and Isotopic (b) distribution of fragments for the Gibbs modelspeci�ed by equation (6.18) at Z = 50, N = 75, x = 1, � = 1 and various �s. Isotopicdistribution is for carbon, Z = 6.
an interaction energy given byEI = 12 Xjklm �jk(�lm � �jl�km)EIjklm : (6.22)If we choose EIjklm = jre2=�r for the Coulomb interaction, thenEI = e22�r (Z2 �Xjk j2�jk) ; (6.23)which suggests we include interfragment Coulomb interactions by appending the termexp(�cj2) to xjk. We can estimate �c by assuming �r � V 1=3 � r0A1=3.6.3 Thermodynamics of fragmenting nucleiTwo fundamental issues are of interest in nuclear fragmentation. At the simplest level,the observed distribution of fragments needs to be explained and related to the beamenergy and the size of the initial nuclei. Aspects of this problem were discussed inthe previous section. A more fundamental question addressed in this section concernsthe thermodynamic aspects of fragmentation. If the process is indeed statistical thennuclear matter is heated by the collision and fragments. The hadronic equation of state(EOS) encapsulates this information, and an understanding of this equation over a range



155of temperatures and densities is the aim of much current research in nuclear physics.The current generation of detectors and colliders have provided a wealth of data aboutthe EOS and the next generation, such as the relativistic heavy-ion collider (RHIC)being built at Brookhaven, should introduce even higher densities and temperatures,and potentially new physics such as the hypothesized quark-gluon plasma.If the statistical models de�ned in the previous chapter have parameters which de-pend on thermodynamic variables such as volume and temperature, then there is arange of thermodynamic functions and properties which these models capture. Ana-lyzing these functions is crucial to extend our understanding of the physical propertiesthese models predict. Moreover, the thermodynamic functions are oftentimes the onlyaccessible variables, partition vectors far too often being unavailable in large systems.Consider the case of a Gibbs model on indistinguishable particles, with parametervector de�ned by xk = x(V; T )y(V;T)k�1bk : (6.24)In this case, the canonical partition function is given byZA = AXm=0Z(m)A (b)xmyA�m = yA AXm=0Z(m)A (b)(x=y)m ; (6.25)where Z(m)A is a function only of the vector b, not of the thermodynamic variables. Thisspecialization of the form of the weight is not completely arbitrary but is motivatedby the form of the weight in the cases of a fragmenting nuclear system. Namely, xis determined by kinetic factors, whereas y contains information about the internalexcitations. Additionally, the two limiting cases of x=y � 1 and x=y � 1 can beanalyzed for this form by expanding lnZA in x=y using the various microcanonicalpartition functions. In the low temperature region, equation (3.36) when corrected forthe overall yA factor in the partition function determines the behavior (t ! x=y). Inthe high temperature region, the high temperature expansion (equation (3.35)) can besimilarly used to evaluate thermodynamic functions such as the virial expansion of theequation of state.Given the partition function, various logarithmic derivatives determine the thermo-dynamic functions, e.g. P = �kBT @@V lnZA. As a result, logarithmic derivatives of



156the partition function with respect to the thermodynamic parameters x; y are of greatinterest. In section 4.3.2 we evaluated such derivatives and showed thatx @@x lnZA = hmiA (6.26)�x @@x�2 lnZA = �2(m)A (6.27)where �k = h(m � hmiA)kiA is the kth central moment of m = Pj �j . In general,(x @@x)k lnZA(x) is the kth cumulant moment of m. The relations for derivatives withrespect to y are similar y @@y lnZA = A� hmiA (6.28)�y @@y�2 lnZA = �2(m)A (6.29)�y @@y�3 lnZA = ��3(m)A : (6.30)and in general (y @@y )k lnZA(y) is the kth cumulant moment of m times (�1)k.The choice of x, y and bk is determined by the physics of the situation. The as-sumptions we make to determine them are the following:� The term xm in the weight comes from phase space factors and translationalconsiderations. Since the partition function of a gas of nucleons is given by xA=A!,with x = V �2�mkBTh2 �d=2 ; (6.31)(cf. section 5.1), �T the thermal wavelength of a nucleon and d the dimensionalityof the system (d = 3 typically), the equivalent partition function for a gas ofnuclear clusters should be proportional to xm, times some cluster size dependentparameters which can be incorporated into bk. Since we are interested in theproperties of nuclei in their rest frame, not in the lab frame, we want to replacexm by xm�1 since the overall center of mass motion shouldn't contribute to thethermodynamics. In other words, unlike the case of a gas in a container of aparticular volume, we can arbitrarily factor out one fragments motion.99Removing the motion of one of the fragments is actually quite necessary for otherwise the modelwould violate the third law of thermodynamics. Intuitively it is reasonable since the rest frame of thenucleons is the natural frame in which to consider its thermodynamics.



157� The term yA�m is due to cluster binding and internal excitations. Suppose thebinding energy per nucleon is aV . Then each cluster of size k requires aV (k�1) inbinding energy. The Boltzmann weight associated with such a binding would thenbe eEB=kBT = yA�m where y = exp(aV =kBT ). Internal excitations are expectedto modify this binding energy per nucleon, which we model by assuming assumingthe nuclear level density given by the Bethe level density formula�A(E) = �1=212E5=4a1=4 exp(2paE) : (6.32)where a is such that a�2=6 is the single particle level density on the Fermi surface.If we integrate this times e�E=kBT we will get the contribution of these internalexcitations to the bulk free energy,Fint=A = �W0 � (kBT )2"0 (6.33)where "0 = (4=�2)"F for an ideal Fermi gas. This form for the free energy isknown to be good only at low temperatures. S.E. Koonin and J. Randrup [174]have argued that a reasonable correction is to cuto� the Bethe density at highenergies, since these high-energy states are of such short lived nature that theyshouldn't contribute to the internal partition function. Introducing an expo-nential cuto� e�E=kBT0 yields an e�ective temperature for the internal partitionfunction of T�1e� = T�1+T�10 , where T0 is the cuto� temperature. Thus T0 can beinterpreted as the maximum temperature attainable by nuclear fragments. The-oretical predictions indicate T0 should be around 7{12 MeV [34,35,187,226], andwe have used the standard value 12 MeV throughout this work. Replacing kBTwith kBTe� for the internal excitations yields the following form for y.y = exp� aVkBT + kBT"0 T0T + T0� ; (6.34)� The only remaining parameter to set in this model is bk. We can determine it byrequiring that the mass yield distribution at and below criticality be a power law,as is observed in many nuclear fragmentation experiments, cf. J.E. Finn et al. [105]and M.L. Gilkes et al. [120,88] and is known to happen theoretically in a droplet



158model, see Michael E. Fisher [106]. This phenomenological approach suggestsbk = k�� , with � � 2:2, since it is known that for such a bk, h�ki / bk. Such achoice of � is also suggested by analogy with the ideal Bose gas. If the weightW (�) from equation (3.25) was for an ideal Bose gas, then [149] xk = x=k� +1=k,with � = 1 + d=2. The 1=k term arises from the zero momentum states of theBose condensate, and is irrelevant at high temperatures, but of some importancebelow the critical point. Since the low temperature behavior we want is essentiallyFermi gas like, we can ignore the zero momentum term, which suggests we usebk = k�1�d=2. We choose � = 5=2 to match the exponent of a Bose gas in threedimensions, but we are free to adjust � in this model if it is required, unlike inthe Bose gas where it is determined by the dimensionality of the system.Notice the similarity between this model for nuclear fragmentation and the Feynmanmodel for the � transition (section 5.3). First, the exponent of equation (5.50) isidentical to that internal excitation factor y for nuclear fragmentation, up to a numericalconstant, if we neglect the cuto� temperature factor (T0 !1) and make substitutionsfor the density (A=V ! d�3) and the thermal wavelength (�T ! d). Second, the overallxk is the same except for the 1=k term which is negligible at large enough x=y. In fact,the modi�cation Feynman makes to xk might well be motivated in the case of nuclearfragmentation, and we will consider the case xk = a=k + (1� a)=k� in section 6.2.1.The general form of the model is exactly as sketched above, but the fact that theparameters aV and "0 are density dependent requires the introduction of some additionalphysics. We assume that the binding energy per nucleon can be approximated using aSkyrme [273,302] parameterization, such that aV (�) is given byaV (�) = �aD � ��0�2=3 + a0� ��0�� a3 � ��0�1+� : (6.35)Similarly, we assume that the level spacing parameter "0 varies with the density inproportion to the Fermi energy from which it was originally determined, i.e. for aFermi gas/liquid, "0(�) = (4=�2)"F (�) where"F (�) = ~22m((4�)d=2�(1 + d=2)�)2=d (6.36)



159is the Fermi energy for a noninteracting gas. Using aD = 3"F (�0)=5, the Skyrmeparameters a0; a3 can be determined by requiring that the binding energy per nucleonis a maximum at � = �0 with the observed value of 8:0 MeV. For � = 1, this givesa0 = 48:0 MeV and a3 = 16:0 MeV. Figure 6.4 sketches the density dependence of aVin this approximation.Figure 6.4: Binding energy per particle aV (�) in the Skyrme model, with � = 1, aD = 24MeV, a0 = 48 MeV and a3 = 16 MeV.

Given x; y and bk we have completely speci�ed the model, although various deriva-tives of x; y will also be needed in determining the thermodynamic behavior. For ourpurposes, only the �rst two derivatives are needed, and a quick calculation shows thatTx @x@T = d2 ; (6.37)T 2x @2x@T 2 = d2 �d2 � 1� ; (6.38)Vx @x@V = 1 ; (6.39)V 2x @2x@V 2 = 0 ; (6.40)



160and Ty @y@T = � aVkBT + kBT"0 � T0T + T0�2 ; (6.41)T 2y @2y@T 2 = 2aVkBT � 2kBT"0 TT 20(T + T0)3 + �Ty @y@T �2 ; (6.42)Vy @y@V = 23 aDkBT � ��0�2=3 � a0kBT � ��0�+ (1 + �) a3kBT � ��0�1+�+23 kBT"0 � T0T + T0� ; (6.43)V 2y @2y@V 2 = �109 aDkBT � ��0�2=3 + 2a0kBT � ��0�� (1 + �)(2+ �) a3kBT � ��0�1+��29 kBT"0 � T0T + T0�+ �Vy @y@V �2 : (6.44)6.3.1 Internal energy and speci�c heatWe begin our investigation of thermodynamic functions with the internal energy andspeci�c heat, which are related to the partition function by U = kBT 2 @@T lnZA, CV =�@U@T �V . These functions are physical manifestations of the e�ect of temperature changeson the system. Given these formulae, the determination of thermodynamic quantitiescan be reduced to a computation of the cumulant moments of the fragmentation mul-tiplicity m = Pj �j and some derivatives of the thermodynamic parameters x; y. Theresult for x; y in general isUkBT = (hmiA � 1)Tx @x@T + (A� hmiA)Ty @y@T ; (6.45)CVkB = (hmiA � 1) 2Tx @x@T � �Tx @x@T �2 + T 2x @2x@T 2!+(A� hmiA) 2Ty @y@T � �Ty @y@T �2 + T 2y @2y@T 2!+(hm2iA � hmi2A)�Tx @x@T � Ty @y@T �2 : (6.46)



161For the nuclear model speci�ed by equations (6.31) and (6.34), applying the aboveequations yieldsUkBT = (hmiA � 1)d2 + (A� hmiA)2kBT"0 � T0T + T0�3 : (6.47)CVkB = (hmiA � 1)d2 + (A� hmiA)2kBT"0 � T0T + T0�3+Var(m) d2 + aVkBT � kBT"0 � T0T + T0�2!2 ; (6.48)Figure 6.5: The internal energy per particle for "F = 40 MeV, � = 1, A = 100, andT0 = 12 MeV. Part (a) breaks the energy into the x and y components, part (b) graphsthe total energy from both contributions.
Figures 6.5,6.6 sketch the behavior of these functions over a wide range of temper-atures and densities. For low T , CV / T and is that of a heated nucleus of nucleonstreated as a nearly degenerate Fermi gas. At higher T , nucleons and clusters are emittedfrom this nucleus, increasing the number of degrees of freedom and the speci�c heat.At a relatively low temperature this e�ect causes a transition from a degenerate Fermigas to a Bose gas-like state. This change in CV shows up in the �gure as a shoulder.At very high T the nucleus of A nucleons dissolves into A independent nucleons andCV = 12dkBA. The \cusp" like behavior of CV can be understood as a critical point inthe in�nite A limit as discussed in the next paragraph. A rounded peak is seen insteadof the cusp because of the �nite size of the system.



162Figure 6.6: The speci�c heat CV per particle for "F = 40 MeV, � = 1, A = 100,and T0 = 12 MeV. Part (a) breaks the speci�c heat into the x and y multiplicitycomponents and the 
uctuation term, part (b) graphs the total speci�c heat from allthree contributions.
6.3.2 Pressure and compressibilityThe pressure and isothermal compressibility de�ned by P = �kBT @ lnZA@V and ��1T =V � @P@V �T re
ect the e�ects of volume changes on the system, and are therefore comple-mentary to the internal energy and speci�c heat. In this model they are given by,PVkBT = (hmiA � 1)Vx @x@V + (A� hmiA)Vy @y@V ; (6.49)1�T = �kBTV "(hmiA � 1) V 2x @2x@V 2 � �Vx @x@V �2!+(A� hmiA) V 2y @2y@V 2 � �Vy @y@V �2!+ (hm2iA � hmi2A)�Vx @x@V � Vy @y@V �2# : (6.50)



163The equation for the pressure is more often called the equation of state (EOS). Usingthe nuclear parameters of equations (6.31) and (6.34) gives us the speci�c formsPV = (hmiA � 1)kBT + (A� hmiA)� 25"F (�) 1 + 5�212 � kBT"F (�)�2 T0T + T0!� a0� ��0�+ a3(1 + �)� ��0�1+�! ; (6.51)1�T = kBTV "(hmiA � 1)� (A� hmiA) V 2y @2y@V 2 � �Vy @y@V �2!� (hm2iA � hmi2A)�1� Vy @y@V �2# : (6.52)Figure 6.7: The nuclear pressure for "F = 40 MeV, � = 1, A = 100, and T0 = 12 MeV.Part (a) breaks the pressure into the x and y components, part (b) graphs the totalpressure from both contributions.
Note that the equation of state is particularly simple. The �rst term is the idealgas law, while the second term contains the low temperature degeneracy pressure andinteraction terms from the Skyrme potential. Figure 6.7(b) illustrates the behavior of Pwith V=A in the transition region where a phase instability develops. In this region, theequation of state behaves in many ways like a van der Waals gas, i.e. the appearanceof a negative compressibility indicates a phase instability, usually identi�ed as a �rst



164order liquid-gas phase transition�P + aV 2� (V � b) = nkBT : (6.53)The compressibility in particular is interesting. At low temperatures and standarddensities, 9�=�T is about 240 MeV, a typical value for nuclei. This increases as thetemperature is raised, albeit slowly, until around 40 MeV is passed and the systembecomes more gas-like. At that point the compressibility increases essentially linearlywith temperature, like an ideal gas.Figure 6.8: The nuclear isothermal (in)compressibility for "F = 40 MeV, � = 1,A = 100, and T0 = 12 MeV. Part (a) breaks the incompressibility into the x, y and
uctuation components, part (b) graphs the total (in)compressibility from all threecontributions.
6.3.3 Entropy and thermodynamic potentialsClearly there is no practical limit to the number of thermodynamic functions. Forexample, the speci�c heat at constant pressure CP can be evaluated from CV and theisothermal compressibility and thermal expansion coe�cient �,CP = CV + TV �2�T (6.54)



165where � is given by� = �T �@P@T �V ;= �T kBV "(hmiA � 1) Vx @x@V � TVx2 @x@T @x@V + TVx @2x@T@V !+(A� hmiA) Vy @y@V � TVy2 @y@T @y@V + TVy @2y@T@V !+(hm2iA � hmi2A)�Tx @x@T � Ty @y@T ��Vx @x@V � Vy @y@V �� ; (6.55)Given this, the adiabatic compressibility �S can all be fairly easily expressed,�S = �T 11 + V T�2CV �T : (6.56)In spite of the wide variety of functions however, physicists tend to concentrateon only a few, especially the thermodynamic potentials such as the already mentionedinternal energy as well as the enthalpy H and Helmholtz and Gibbs free energies F;G,H = U + PV ; (6.57)F = �kBT lnZA ; (6.58)G = �kBT lnZA + PV ; (6.59)since minimizing these potentials will give the equilibrium condition for a system heldat a certain �xed point in state space. The behavior of the energy is typical of these,and we will not investigate them further.Additionally we can consider the entropy, a function which measures the intrinsicdisorder of the system and is de�ned bySkB = � lnn+ lnZA + UT (6.60)where � lnn is simply the constant term (i.e. independent of V ) required to set theentropy to zero at zero temperature. Figure 6.9 plots the entropy per particle for thenuclear model. Not surprisingly, lower densities and higher temperatures lead to higherentropies. The slight dip in the curve evidence at higher densities is related to the phaseinstability seen in the equation of state curves.



166Figure 6.9: The nuclear entropy per particle for "F = 40 MeV, � = 1, A = 100,and T0 = 12. Part (a) break the entropy into two parts, the lower of which is the xdependent part of U=kBT . Part (b) plots the total entropy.
6.4 Phase transitions in nucleiThe nature of the hadronic phase transition is of course of great interest to nuclearphysicists. Is it like a liquid-gas transition, or a percolative transition, or of someother type, such as Bose-Einstein condensation? Or, could several transitions coexist,perhaps at di�erent points in the state space. This section shows that indeed the modeldeveloped in the preceding section contains two distinct transitions, one associated witha thermodynamic instability (6.4.1) and another associated with a singularity in thepartition function, a classical phase transition which can be interpreted both as a Bose-Einstein condensation (6.4.2) and as a percolation transition (6.4.3). Some care is takento show that the methods of percolation theory which have been used to analyze nuclearfragmentation can be applied to this case exactly.6.4.1 Liquid-gas thermal phase transitions in nucleiThe presence of power-law behavior in the distribution of fragments in early fragmenta-tion experiments (J.E. Finn et al. [105], R.W. Minich et al. [221], A.S. Hirsch et al. [147])suggested a phase transition was occurring in nuclear matter. The experimentalists who



167�rst measured this suggested it was evidence of a liquid-gas phase transition in analogwith the Fisher droplet model [106,107]. Later experimental results [63,235] continuedto show such a dependence. Theorists (M.W. Curtin et al. [67], H. Schulz et al. [269],P.J. Siemens and G.F. Bertsch [271, 28], H.R. Jaqaman, A.Z. Mekjian and L. Zam-ick [154,155] J.I. Kapusta, A.L. Goodman, and A.Z. Mekjian [159, 122] and S. Levitand P. Bonche [33, 187]) analyzed the nature of such a liquid-gas phase transition innuclei in various bulk models. They estimated the critical temperature and volume asTc � 20 MeV and �=�0 � 0:5. However, the actual transition was expected to happen ata lower temperature due to Coulomb instabilities and other e�ects (cf. H.R. Jaqamanet al. [156,153] and L. Satpathy et al. [266]). Today the case continues to be made thatthe phase transition is essentially liquid-gas like [206,241].A liquid gas phase transition is determined as the temperature at which the isothermP vs. � has an in
ection point, namely�@P@� �T =  @2P@�2 !T = 0 : (6.61)For example, in one of the simplest versions of the equation of state [122]P = �kBT � a0�2 + a3�3 (6.62)it is easy to determine �c = a0=6a3 � 0:49�0 and kBTc = a0�c � 21:5 MeV.The model considered here essentially adds excitation energy and clustering e�ectsto the above simple model. Consider the isothermal (in)compressibility curves in �g-ure 6.8. The curve for T = 24 MeV satis�es the condition of having its minimum occurat 1=�T = 0, around �=�0 � 0:5. This is the critical instability point. Apparentlythe competing processes of internal excitation and fragmentation do not signi�cantlya�ect the location of this point, which has only been shifted upward by a few MeV.Coulomb e�ects however have still been neglected, although they can considered in thetwo-component version of this model. Nonetheless, in spite of the size of the e�ect inthis particular model, it is clear that we can expect the clustering degrees of freedomto a�ect the thermodynamic stability of nuclei, and that such e�ects should not beneglected.



1686.4.2 Bose-Einstein condensation in nucleiAs this model of nuclear fragmentation is closely related to the ideal Bose-Einstein gasmodel, it would not be surprising to discover evidence of a Bose-Einstein like phasetransition in the physics. Indeed, as we shall see, considered as a statistical system,this model exhibits a phase transition in the �xed density but in�nite A limit, atwhich the speci�c heat per nucleon is maximal. This is the phase transition discussedin chapter four, characterized by the appearance of large clusters and zeros of thepartition function. Real nuclear systems are far from in�nite collections of nucleons,but the evidence of such phase transitions can be obtained from a �nite scaling analysisin the region of the phase transition [48, 120]. This section reviews the characteristicsof the transition.Let us repeat an arguments from section 4.3, tailored speci�cally however to thisnuclear fragmentationmodel. The thermodynamic limitA; V !1 with � = A=V �niteis of interest since it speci�es the the nature of any phase transitions. In this model,we can work in the grand canonical limit and consider the question of the behavior ofthe largest cluster. In the grand canonical limit h�ki is given byh�ki = xy e�k=kBTk� = xy zkk� ; (6.63)which implies the mass constraint Ax=y =Xk zkk1�� : (6.64)Here A=(x=y) is �nite in the thermodynamic limit since x / V and y = y(�; T ) is �nite.For z � 1, the sum is always less than or equal to the case z = 1, for which the sumgives �(� � 1), i.e. the Riemann zeta function. When z > 1 the sum diverges. NowA=(x=y) is a function of �; T which are �xed, so z is the only parameter we can adjust. IfA=(x=y) � �(��1) then we can �nd a z � 1 such that the mass constraint is met. Thenby equation (6.63), h�1i ! 0, and correspondingly there is no chance that an in�nitecluster can exist. On the other hand, if A=(x=y) > �(� � 1) then no z can be foundto satisfy the mass constraint. Equation (6.63) with z = 1 still holds for �nite sizedclusters, but Pk kh�ki does not then account for all the nucleons. The \missing mass"



169has accumulated into an in�nite cluster, which the grand canonical solution neglects.So (x=y)c=A = 1=�(� � 1) de�nes a critical point for this system, which is identical tothe critical point of a Bose gas if y = 1. Since �(� � 1) < 1 only if � > 2, this alsoimplies that the system has no critical behavior if � � 2. Above this point the grandcanonical solution is valid. Below this point, an in�nite cluster has absorbed a �nitefraction of the mass of the system.For nuclear matter, this is important since the critical point may be accessible ifequilibrium conditions are realized in heavy-ion collisions. A speci�c concern is whetherthis theory has the same characteristic as the in�nite cluster in percolation theory [279],i.e. for p > pc the in�nite cluster exists while for p < pc it does not exist.The consequences of this kind of transition were explored in chapter four, the mostimportant of which is that at the transition the variance of the multiplicity is maximal,and its derivative is discontinuous. Since the speci�c heat and compressibility of themodels depend on this variance (see section 6.3.1 and 6.3.2), they are the thermody-namic quantities which will reveal this non-thermodynamic phase transition. Speci�-cally, we can expect the speci�c heat of nuclei to be maximal at this transition. It isimportant to note however that although the transition can be seen in the thermody-namic functions, it is mostly unrelated to the thermodynamics, and is rather stronglydependent on the clustering degrees of freedom. In other words, the liquid-gas phaseinstability seen in the previous section we expect to appear even if there is no cluster-ing allowed in the model, since that is originally how such an instability was studied.The phase transition seen here though is intimately connected to the ability of thenucleons to form clusters of varying sizes. Without such freedom, the transition wouldnot happen. In fact, considering �gure 6.10 which plots the dependence of the criticaltemperature with density, we see that this clustering transition occurs at a much highertemperature than the liquid-gas instability. As such this is a much di�erent kind oftransition than the liquid-gas instability discussed in the previous section, and is some-what speculative. However, it is a natural consequence if we assume that the powerlaw behavior seen in the experiments is a persistent feature below the critical point.Universality indicates the model near the critical point is speci�ed uniquely by its



170Figure 6.10: Critical temperature as a function of density at various cuto� temperaturesfor � = 2:5. The rise at high V is due to the lack of a cuto� in the internal excitationsat low density.

critical exponents. We already mentioned the critical exponent � , but other exponentsare needed to determine the critical behavior. By the above discussion, the fraction ofmass not in the in�nite cluster, mx = limA!1 1�hkmaxi=A satis�esmx < 1 for T � TCand iM1 = 1 for T > TC . Thus h�1i = 1 � mx is zero for T > TC . Near T = TC ,hn1i � (T � TC)=TC. The analog of mx in the Bose system is the fraction of Boseparticles in excited states, while hn1i is the fraction in the condensed ground state.For the Bose system the order parameter is taken as the square root of the numberof Bosons in the ground state, and in analogy phn1i / (T � TC)1=2, which gives thesecond critical exponent � = 1=2. The clustering point of view de�nes the exponentsdi�erently, and as this transition is really a change in the clustering behavior, we shouldde�ne the exponents in terms of the clustering. This we do in the next section.



1716.4.3 Percolative phase transitions in nucleiWe have already mentioned that the Bose-Einstein condensation transition can beviewed as a percolative transition since at that point there is an appearance of a verylarge cluster. This section examines that transition point more carefully in terms ofpercolation, �rstly noting the similarities between the two and secondly stressing someof the di�erences. A brief introduction to percolation theory is given, and the exactmethod for computing expectation values in the Gibbs model which exclude the largestcluster introduced in section 4.3.1 is further developed and applied. This method allowsfor the computation of the reduced variance and other quantities of interest introducedby Xavier Campi and a comparison shows that the percolation model and the Gibbsmodel with xk = x=k5=2 di�er mostly only in small respects in these ensemble averages.As percolation is such a popular model in nuclear fragmentation, these similaritiessuggest a simple Gibbs model may be used in its stead. The advantage of such asubstitution can be seen at once, as the Gibbs model has an explicit thermodynamicparameterization and exact solution which the percolative models lack.Percolation theory was introduced to nuclear fragmentation in the mid-1980s byXavier Campi and J. Debois [46,74] and by Wolfgang Bauer et al. [21]. They suggestedthat a bond percolation model in three dimensions might explain the data for nuclearfragmentation, since the model intuitively seemed to connect to many theorists simpli-�ed picture of a nucleus fragmenting. Such models date back to Flory's work on polymerphysics [109{112] in 1941, but interest and systematic study of their properties did notbegin in earnest until the 1960s. Although such models contains a minimum of physics(indeed there is only one parameter), they could explain many aspects of the nuclearfragmentation experiments, and as such they have become benchmarks to which otherfragmentation models must compare favorably. Moreover, the analogy suggested thatthere was a critical transition in nuclear fragmentation and showed ways of extractinginformation on that transition from the experimental data.Percolation models can be de�ned simply. Let L be a (now) �nite lattice (in 2D, 3D,etc.) with a particular topological structure (e.g. simple cubic, hexagonal) de�ned by



172the number and location of nearest neighbors and N the number of vertices. The linesconnecting nearest neighbor vertices we will call bonds, and the vertices themselves aresimply called sites. The site percolation problem is de�ned as follows. Randomly selectpN sites on the lattice and denote them �lled. What is the probability that the �lledsites form a lattice spanning cluster (LSC), i.e. that there exists a path from one sideof the lattice to the other through adjacent �lled lattice sites. The bond percolationproblem is the same, except one randomly �lls the bonds and computes the probabilitythat their exists a path from one side to the other.In some sense the (above described) percolation model is the simplest possible sta-tistical model with clustering and fragmentation. There is but one parameter p andthe underlying topology to consider. This simplicity has made it an attractive modelfor fragmentation models, since the states of the system geometrically can be identi�edwith particular cluster con�gurations. For example, 125 nucleons can be consideredto reside on a 5� 5 � 5 lattice, the bonds connecting the sites forming clusters whichcorrespond to the clusters emitted during the fragmentation process. Suppose � is acon�guration and let us denote by �k the number of clusters of size k. Then we haveXk k�k = pN (6.65)for any con�guration �.Let q = 1� p and nk = �k=N . Consider a simple quadratic lattice, whose sites are�lled with a probability p. Obviously hn1i is given by the probability that a particularsite is �lled, with the four edges around it empty, i.e.hn1i = pq4 : (6.66)Similarly, hn2i = 2p2q6 ; (6.67)hn3i = 4p3q7 + 2p3q8 ; (6.68)and in general hnsi = psXt gstqt ; (6.69)



173where gst is the number of clusters of size s and perimeter t, and we denote gs =Pt gst.So a determination of the properties of the percolation problem can be reduced to anenumeration of clusters (known as \lattice animals"). Enumerating such clusters canbe done by a variety of computer methods, and for the simple quadratic site problem,gst is known for all s � 24.10Traditionally, the critical transition is identi�ed by the appearance of a \percolating"cluster, in other words a cluster which spans the entire lattice, connecting one side withthe other. In one dimension, pc = 1 for such a cluster, since any empty site or bondin one dimension breaks the connection, and unless p = 1 such a break will occur. Inhigher dimensions, pc < 1, since the lattice can support a number of holes and still beconnected.Once the critical point is identi�ed, the transition can be characterized by studyingthe behavior of various functions around the point. Reduced moments (section 4.3.1)are usually used, although they sometimes go by di�erent names. For example, belowthe critical point one de�nes the following functionsK(p) := Xs�1hnsi =Xn knpn ; (6.70)S(p) := 1pXs�1 s2hnsi =Xn bnpn : (6.71)Since sns is the probability a given monomer is part of an s-cluster, S(p) denotes theexpected cluster size, and nK(p) denotes the expected number of clusters. In terms ofreduced moments these are the zeroth and second moments, and there behavior aroundthe critical point speci�es the nature of the transition.Two general approaches have been taken in the evaluation of these (and other)functions. The �rst is Monte Carlo simulation, whereby the systems are sampled andapproximations are determined subject to the dual limitations of the length of thesimulation and the size of the lattice. The other technique applied is that of exact10The s = 23; 24 cases I calculated myself as an exercise using an algorithm by S. Mertens [219] and27 days of CPU time on an idle computer. The results are in table 6.3. The principal motivation wasto deduce the total number of lattice animals of size 25, since the numbers up to 24 had been knownsince 1981 [250]. Despite an increase in computer power of a factor of at least one hundred since thatcomputation, the results had not been extended. The result was g25 = 20457802016011.



174series expansions. An expansion valid for low p and low q can be developed using thelattice animals, and by using Pad�e approximants the two series can be combined togive an estimate of the location of the critical point and its critical parameters. Infact this method typically leads to the best approximations for the critical point. Theexact series method is somewhat related to the exact methods applied to the Gibbsmodels, although the recursion relations that result are nowhere near as powerful as inthe Gibbs case. Tables 6.4 and 6.5 give such expansions in two and three dimensions.Analyzing the critical point and its exponents in this manner has engaged manyresearchers over the years, and table 6.6 summarizes the results. Our interest is toapply the same analysis to a di�erent model, namely the canonical Gibbs model. Thisis motivated from the successful application of purely percolative models to nuclearfragmentation. As we already noted, X. Campi and W. Bauer suggested that the bondpercolation problem in three dimensions captures the essence of nuclear fragmentation.S. Das Gupta [69] has suggested the three dimensional site problem for other reasons,but both have identical critical behavior. This is an appealing picture and Campideveloped functions which distinguished this model from other models, including theGibbs model with xk = x=k. Applying his functions to the nuclear fragmentation datayielded the following somewhat puzzling result: The simple percolation model best �tthe data.The method X. Campi and H. Krivine [47,51,50] introduced for distinguishing frag-mentation models from one another is quite simple and elegant. By comparing variousexpectation values in which the largest cluster is excluded but the particle number andfragment multiplicity are held �xed (i.e. microcanonical ensembles), they showed thatthe percolation model has a distinctly di�erent behavior than many competing nuclearfragmentation models. Speci�cally, percolation could be quickly distinguished fromequipartitioning, intranuclear cascade and the Gibbs model with xk = x=k. Moreover,actual fragmentation data [175] agreed with the percolative model in this respect moreso than any other other model of fragmentation.Speci�cally, Campi and Krivine [47, 51, 50] de�ne the reduced variance 
2 for a



175fragmentation event as 
2(�) = (m� 1)Pk k2�k � k2max(A� kmax)2 ; (6.72)where kmax is the size of the largest cluster. Its expectation value can be computedby breaking events into classes speci�ed by kmax, and summing the expectation valuesover those classes with the appropriate weight, i.e.h
2i(m)A = (m� 1) Xkmax Pr(kmax)Pk k2h�ki(m)A (kmax)� k2max(n� kmax)2 ; (6.73)where Pr(kmax) is the probability of kmax being the largest cluster size and h�ki(m)A (kmax)is the expectation value of �k when kmax is �xed. It is this expectation value whichwhen plotted against m indicates the distinction between the percolation model andother models of fragmentation.Now to compute expectation values in which the largest cluster size is �xed weneed to compute the partition function for such ensembles. Suppose that each frag-mentation outcome happens with a probability proportional to the Gibbs weight in themicrocanonical ensemble (equation (3.25)). Clearly the partition function is given byall the terms in the unrestricted microcanonical partition function which have xkmax asthe highest xk in the term. Consider�Z(m)A (kmax) � Z(m)A (x1; : : : ; xkmax ; 0; : : : ; 0)�Z(m)A (x1; : : : ; xkmax�1; 0; : : : ; 0) : (6.74)We see that �Z(m)A (kmax) is the partition function for ensembles with �xed maximumcluster size kmax, since the �rst term collects all terms with xkmax or lower, and thesecond term eliminates those terms which don't have an xkmax . From this result we candetermine Pr(kmax) and h�ki(m)A (kmax), which are given byPr(kmax) = �Z(m)A (kmax)Z(m)A (x1; : : : ; xA) (6.75)h�ki(m)A (kmax) = 8>>>>>><>>>>>>: 0 k > kmaxxk Z(m�1)A�k (x1;::: ;xk;0;::: ;0)�Z(m)A (kmax) k = kmaxxk�Z(m�1)A�k (kmax)�Z(m)A (kmax) k < kmax (6.76)



176This method is quite general and can be applied to other models. For example equipar-titioning models can also be analyzed by this method with some minor modi�cations.With these identities there is su�cient information to compute h
2i(m)A for any xk.We use xk = x=k� for a number of reasons, especially the behavior of its mass yield(section 4.2.2). Campi and Krivine [50,51] followingMekjian [215] considered this modelwith � = 1:0 and showed that its reduced variance and other related expectation valueshad a distinctly di�erent behavior than the percolation model. Plotting the expectedreduced variance vs. (m � 1)=A, h
2i(m)A has a single peak. The location, height andwidth of this peak for the two models (and other models they considered) are completelydi�erent, suggesting the usefulness of this plot in distinguishing fragmentation models.Figure 6.11: Reduced variance h
2i(m)A (a) and largest cluster size hkmaxi(m)A =A (b) vs.(m� 1)=A for � = 1:0; 2:5 and the percolation model at n = 125.
Since that time our interest has turned to the model with � = 2:5, since it hasan explicit phase transition and better mass yield characteristics than � = 1:0. Com-puting the reduced variance for this case allows us to compare this model to Campi'spercolation model. This is shown in �gure 6.11. A cursory inspection shows that thepercolation and Gibbs models now substantially agree in many respects. The heightand location of the peak of the reduced variance h
2i(m)A is nearly the same in bothmodels, as indicated in �gure 6.11. The only signi�cant di�erence is the width of the



177peak which tends to be somewhat larger in the Gibbs model than in the percolationmodel. Plots of hkmaxi(m)A vs. (m� 1)=A are also very similar for both models, and thescaling behavior of the position, width and height with changing A also agree.Figure 6.12: Campi probability contour plot for Z = 79, � = 2:5 at the critical pointx = xc. The axes are logarithmic, with the largest cluster size on the y-axis, and theratio of the reduced moments M2=M1 on the x-axis. The central rings are higher inprobability than the outer rings.
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Another plot suggested by Campi [46] is to divide the event space by the maximumcluster size of the event kmax and the reduced second moment M2 and plot the prob-ability of the canonical model being at any particular point on the graph. This canbe also be done exactly for Gibbs models in a way completely analogous to the waygiven above. De�ne the partition function ZA(m2;x) as the sum of the Gibbs weight



178equation (3.25) over all partition vectors � which satisfy Pk k�k = n, Pk k2�k = m2.This can be computed by the following recursion,AZA(m2;x) =Xk kxkZA�k(m2 � k2;x) ; (6.77)with Z0(m2;x) = �m2;0. If we de�ne �Z as in equation (6.74), we �nd again the parti-tion function conditioned on kmax being �xed, which is proportional to the probabilityof having an event with a particular m2 and kmax. Figure 6.12 plots this probabilitypro�le as a contour plot, which reveals the events are centered on a particular regionin this phase space. The slopes of the edges of this region are related to the criticalexponents according to Campi [46].Clearly there are di�erences between percolation theory and a Gibbs model, but thedi�erences are not as vast as originally suggested by early computations. Indeed thereduced variance cannot reliably distinguish percolation from a simple Gibbs model.A di�erent method is needed to distinguish these models. In retrospect, however, theagreement is not completely unexpected. The Gibbs model with xk = x=k5=2 is closelyrelated to the Flory-Stockmayer polymer model (section 5.2). This model in turn isequivalent to the percolation problem on a Cayley lattice [280], and as such is expectedto share some of the features of a percolation model on a �nite dimensional lattice.On the basis of the results we have found here, the Gibbs model is a reasonablealternative to the percolation model in nuclear fragmentation. Its exact solution andexplicit thermodynamic parameterization make it a physically and computationally at-tractive model. The success of percolation theory in describing the data suggests acloser inspection, but the Gibbs model presented here seems equally adept at reproduc-ing certain features of the fragmentation experiments. The two approaches at this pointcomplement each other, and further investigation should distinguish their strengths andweaknesses.6.5 Particle production and the quark-gluon plasmaThe techniques developed here can be extended upward in energy where conservationof particles is no longer satis�ed due to particle production. Although the number of



179particles is not conserved, there are other conserved quantities which can serve equallywell to determine the combinatorial objects. These conservation laws can then beused to determine recursion relations (i.e. algorithms) for enumerating and evaluatingpartition functions in the exact same manner as in the fragmentation models.An example of this kind of general combinatorial object is given by con�gurationsspeci�ed by conservation of baryon number and energy. Suppose we have only one kindof baryon, and its corresponding anti-baryon. Let �k denote the number of k-sizedbaryon cluster, and ��k the number of k-sized anti-baryon clusters. Our constraintsare then Xj j(�j � ��j) = B ; (6.78)Xj �j(�j + ��j) = E ; (6.79)where �j is the amount of rest mass associated with a cluster of j baryons. Thisconstraint de�nes a combinatorial object enumerated byXBE n(B;E)xByE = Yj�1 1(1� xjy�j)(1� x�jy�j) ; (6.80)where n(B;E) is the number of states with baryon numberB and energy E. In practice,we want the energy constraint to be weak, or in other words it should be an inequality(we can place excess energy into other excitations, such as kinetic energy). In thatcase simply include all the partitions speci�ed by 0 � E0 � E in our set, n0(B;E) =PEE0=0 n(B;E 0), and hence the generating function is given byXBE n0(B;E)xByE = 11� y Yj�1 1(1� xjy�j )(1� x�jy�j ) : (6.81)



180Table 6.3: Perimeter polynomials gst for the simple quadratic site problem, s = 23; 24.t g23;t g24;t16 52 917 3332 130518 65780 3504219 727668 47184420 5664918 424786921 33997116 2883356722 165477100 15718087823 670599744 71066875424 2299264494 272178042125 6735207164 892859672326 16966106238 2530208560227 36913936804 6224933333628 69541499676 13346770360729 113548417344 24985774089830 160644611412 40872673630031 196680985596 58397956058432 207928717388 72786376603733 189230716408 78972823571634 147656366202 74381165277635 98293011684 60593439280036 55499021646 42506184484037 26400293856 25542795332138 10503415084 13071114409639 3465612328 5658263790840 939643714 2057099184041 206860352 622863552842 36480976 155620537843 5049744 31699069644 537118 5192198545 42128 670148846 2372 66717447 84 4924048 2 261649 8850 2



181
Table 6.4: Simple quadratic lattice site percolation series expansions, gn; kn; bn�1 forn = 1(1)25. Results were computed with gst from [289,219] and a private computationof gst for s = 23; 24 by the author. The results were checked against published valuesin [250,219,286]. n gn kn bn�11 1 1 12 2 -2 43 6 0 124 19 1 245 63 0 526 216 0 1087 760 0 2248 2725 1 4129 9910 -1 84410 36446 2 152811 135268 -4 315212 505861 11 503613 1903890 -26 1198414 7204874 62 1504015 27394666 142 4651216 104592937 333 3478817 400795844 -780 19761218 1540820542 1828 403619 5940738676 -4256 92936820 22964779660 9894 -70259221 88983512783 -23007 484755222 345532572678 53682 -703395623 1344372335524 -125690 2790329624 5239988770268 295221 -5440399625 20457802016011 -694759 170579740



182Table 6.5: Simple cubic lattice bond percolation series expansions, gn; kn; bn�1 for n =1(1)13. Results were calculated from gst in [288, 291] and checked against publishedvalues in [287,290]. n gn kn bn�11 3 3 32 15 -15 303 95 20 1504 681 -12 7145 5277 6 33426 43086 21 149947 365313 -18 676868 3186444 183 2945229 28414802 -328 130468210 257908020 2034 556603811 2375037477 -5142 2437617012 22136623447 26539 10244799013 208438845633 -81183 445619106
Table 6.6: Percolation critical exponents. The results are exact in two dimensions dueto M.P.M. den Nijs [232]. The three dimensional results are from series expansions dueto D.S. Gaunt and M.F. Sykes [119].Exponent d = 2 d = 3 Cayley tree� -2/3 -0.64 � 0.05 -1� 5/36 0.454 � 0.008 1
 43/18 1.73 � 0.03 1� 187/91 2.21 � 0.03 5/2



183Chapter 7ConclusionA number of models for fragmentation and aggregation were discussed in this disserta-tion. They were characterized by the distinguishability of the components of the system,the ensemble associated with the conservation laws (e.g. microcanonical, canonical orgrand canonical), and the underlying statistics of the objects (e.g. Gibbs or equipar-titioning). For these models, exact and approximate solutions were developed for thepartition functions. Traditionally the computation of the partition function solves allrelated statistical problems, and that tradition is upheld for these models. For example,relations between the expected cluster yields and the partition functions were developedthat allow results to be obtained directly from the partition functions. It has long beenknown that in the canonical and microcanonical ensembles, the partition functions canbe somewhat unwieldy being polynomials with as many terms as there are partitionsof the system. However, for moderate numbers of particles (typically in the hundredsto thousands), it is possible to construct these solutions exactly using a computer anda recursive algorithm for several families of statistical weights. Historically this factwas of little consequence since the systems to which these models were applied hadfar greater numbers of particles and could be modeled well by the grand canonical ormaximal entropy method, which have more tractable solutions. The idea of applyingthese models to systems with far fewer numbers of particles, such as in nuclear frag-mentation, challenged this paradigm and promoted the development and application ofexact methods for canonical and microcanonical ensembles.That is the essential point to be made. Historically there was little reason to rec-ognize the exact solutions, both because the grand canonical and maximal entropysolutions captured the essential physics in the regions of interest and because until the



1841970s computers with su�cient memory and computational power were unavailable.This lack of recognition of the exact solutions makes it di�cult to assign priority totheir discovery, but it seems clear that the fundamental recursive relations arose �rst insymmetric function theory, where interest in \�nite systems" was extensive, and havesince been rediscovered several times. Such algorithms reveal that the canonical mod-els are typically weakly sensitive to the �nite size of the system, and such e�ects areessentially inconsequential in systems with large numbers of particles. The exceptionto this behavior occurs when phase transitions manifest themselves, but in this case thesystem can usually be dissected into two phases, each of which can be treated grandcanonically. For this reason, there was little reason to criticize the grand canonicalor maximal entropy solutions. By contrast, nuclear systems are su�ciently small thatsuch e�ects can be appreciable, and as a result models which strictly conserve particlenumber are needed, i.e. canonical and microcanonical solutions.So the successful application of methods from symmetric function and recursiontheory allows us to rely less on the predictably problematic grand canonical ensemblein describing systems with small numbers of particles, and to avoid the computation-ally expensive Monte Carlo sampling methods. Herein, chapters two, three and fourestablished these techniques which chapters �ve and six applied to a variety of models.Chapter two introduced in a self-contained fashion the subject of combinatorics as itapplies to the restricted problem of describing systems which fragment or aggregate.Chapter three, building on the results of chapter two, introduced a number of statisti-cal models to apply to physical systems, and proceeded to analyze various approachesto solving such models. One in particular, the canonical Gibbs model, considered inchapter four, was the model principally used in real world applications due to its rootsin the Gibbs formulation of the ideal Boltzmann gas.Chapter �ve introduced several historical and non-historical models which bene�tfrom these methods. The ideal Bose gas, the Feynman theory of the � transition in liq-uid helium, the Flory-Stockmayer theory of polymer gelation, Ewens' sampling formulafor the frequency of alleles and a schematic model for the dynamics of group forma-tion were all shown to be related to the canonical Gibbs model of chapter four. The



185minimal information approach to fragmentation and the enumeration of involutions,Young tableaux, and loop-free graphs and digraphs were also shown to be related tothe equipartition, separable, and interacting Gibbs models of chapter three. Althoughthe grand canonical approach is often su�cient for these systems, a canonical or mi-crocanonical approach often simpli�es some of the computations. For example, it wasshown that the Mayer cluster expansion for the high temperature behavior of the Bosegas can be more quickly and easily computed in the canonical model.Chapter six applied the Gibbs model to the phenomenon of nuclear fragmentation.There it was shown that relatively simple models of fragmentation can explain thebehavior of the mass and isotopic yields. Furthermore, the Gibbs models a�ords thepossibility of exploring the e�ects of the fragmentation itself on the thermodynamicproperties of nuclear matter. Of greatest interest is the question of whether a phasetransition occurs in nuclear matter. A simple model incorporating some features of thenuclear forces indeed shows several aspects of phase-transitional behavior, including theappearance of a liquid-gas phase instability and the creation of large clusters. Indeed,the model is not especially di�erent from the percolation model used by many experi-mental groups, although it has the advantage of having its thermodynamic propertiesexplicit in the model. A deliberate comparison of this model was made with percolationtheory in order to compare and contrast the two models.One of the aims of this dissertation was to develop exact techniques to solve a wideclass of fragmentation models. As a result, the greater portion of the introductorypart of the dissertation explored the consequences of a particularly e�ective technique,the recursion implicit in the conservation laws. Clearly the conservation laws revealthemselves in a particular symmetry in the partition functions, and those symmetriesindeed are the source of the unusual e�ectiveness of the recursive techniques. It shouldnot be lost on the reader that the methods for extracting expectation values from thepartition functions depend both on the availability of the partition functions, and alsoon a clear connection between these functions and the quantities to be measured. Sucha connection is not guaranteed, and in fact is often di�cult to elicit without someforethought and careful decomposition of the problem into solvable subproblems. For



186the mass and isotopic yields, the connection was rather simple, but in the case of thereduced moments and informational entropy, the connection was more subtle.Another aim was to use the models to understand the physics of nuclear fragmenta-tion. The simple statistical models considered generated a surprisingly rich thermody-namics of nuclei. Various regimes show features which are described by Fermi liquids,Bose-Einstein condensates, van der Waals liquid-gas phase equilibria, and percolatingclusters. Such a wide variety of phenomena from such a simpli�ed model suggeststhat such an approach might not compromise too much. Theoretical and experimentalstudies have all suggested that the nature of the hadronic phase transition is closelyrelated to that of percolating and liquid-gas transitions, and the models proposed hereare consistent with those kinds of transitions.This dissertation systematized some of the methods implicit in the work of others,and greatly extended their usefulness. At all points e�ort was made to credit originalauthors, and collect results together which previously had been separate, although theresults of such e�orts are mixed. The work of many groups closely paralleled each other,and another aim of this dissertation was to highlight those parallels, and reveal howdi�erent problems in physics and mathematics converged on the same set of models.There are several truly novel aspects of this thesis. In particular, the combinatorialprojection algorithms are both elegant and useful. They show how to connect modelsunder various projection options, a topic which has received little attention, but isvery important, since experiments in nuclear fragmentation tend to apply such coarsegraining to the �nal states by making less than ideal measurements. For example mostfragmentation experiments measure only the charge distribution: the distribution ofisotopes is not measured, except perhaps for a few selected isotopes. As such the ideasof isotopic and isobaric equivalences connecting integer and vector partitionmodels, andto a lesser extent ideas from P�olya-de Bruijn enumeration theory, are extremely usefulin helping to connect the theoretical predictions and the experimental results. Theresult that the equipartitioning of permutations under several types of coarse grainingyielded the same canonical Gibbs model was a surprising result which is only beginningto be appreciated.



187The computation of observables in these models was shown to be practical for anumber of di�erent measures. The informational entropy (section 4.1.4) and reducedmoments (section 4.3.1) in particular were shown to be exactly computable in polyno-mial time complexity by relating them to the ordinary partition functions. This factenabled a number of hitherto impractical calculations to be possible. Previous to thisresult, such computations could only be done by sampling or exhaustive enumeration,methods which are limited in either accuracy or the size of the system which can beconsidered. At various times both methods were applied to the problems of this dis-sertation although in the end they proved to be unnecessary. In fact, the method usedto expedite both calculations can be reasonably expected to be applicable to manypossible measurements.Having identi�ed some of the accomplishments of this work, it remains to commenton the future directions to which these results can reasonably be expected to be ap-plied. Chapter �ve showed that the models appear outside of nuclear fragmentationin many cases, and the one of current interest which immediately suggests itself is thefragmentation of atomic clusters such as C60. This is an area which has already ben-e�ted from ideas from the nuclear shell model (i.e. magic numbers), and data for thefragmentation of such clusters is already being studied. Other nuclear fragmentationgroups have already shown some interest in this area [128].The future direction of this research as applied to nuclear fragmentation is perhapsunfortunately in the direction of greater complexity. To date, the models I have con-sidered have had a considerably simpli�ed but still realistic physics. I have not feltoverly compelled to abandon the simpli�ed models as they contain enough of the es-sential physics yet avoid enough of the detailed knowledge of nuclear structure thatthey might be considered a reasonable compromise between the contrary demands ofpredictive power and descriptive economy. However, the physics community has beeninclined to prefer the former over the latter, and some serious drawbacks of the modelas presented in chapter six need to addressed. The Copenhagen and Berlin models ofnuclear fragmentation overcome some of these drawbacks by explicitly including muchmore physics. These two models can also be solved by the canonical approach favored in



188this dissertation, although to date this has not been tried. Instead, the microcanonical(energy conserving) and grand canonical approaches have been explored. The micro-canonical approach requires Monte Carlo sampling, and the grand canonical approachallows unphysical particle number 
uctuations. A canonical approach might prove tobe nearly as accurate as the microcanonical, yet require signi�cantly reduced computerresources to evaluate, a situation which would improve its range of applications. TheCopenhagen model in particular seems to be amenable to such an approach, and thegrand canonical approach has already been explored by another research group. Thesetwo models have been particularly in
uential, and a quickly computable canonical so-lution of either of them would enable the physics to be explored in greater detail andaccuracy.In conclusion, the apparatus and methods of combinatorics when applied to a num-ber of statistical models of fragmenting and aggregating systems yield solutions ofsurprising versatility and power. They can be applied to a number of areas in physics,mathematics and biology. Most especially, their application to the problem of nuclearfragmentation yields a number of schematic and intensive models which explain manyaspects of the experimental phenomena. Most interesting, it appears that a nuclearliquid-gas phase transition will appear in many such models, and such a transition mayalready have been experimentally observed. The idea that the fragmenting degrees offreedom can substantially a�ect the thermodynamics of nuclei was illustrated e�ectivelyby the use of simpli�ed models. In the future the e�ects of clustering on bulk propertiesof matter can be e�ciently included by adopting the methods developed here.
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